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ABSTRACT
L e t  ff{ be  a  c o m m u t a t i v e  m o n o i d  w i t h  i d e n t i t y ,
0  , a n d  l e t  3 be  a  s u b s e t  o f  c o n s i s t i n g  o f
e l e m e n t s  w h i c h  a r e  o f  t h e  f o r m  ( 0 , A , B , C , 0 ) ,  s u c h  t h a t  
3 s a t i s f i e s  t h e  f o l l o w i n g  f i v e  a x i o m s  p r e s c r i b e d  by  
J a c k  E .  Ohm i n  h i s  p a p e r  ' ' A n  A x i o m a t i c  A p p r o a c h  t o  
H o m o l o g i c a l  D i m e n s i o n ' '  ( t o  a p p e a r ) .
1 .  ( 0 , 0 , 0 , 0 , 0 ) e 3
2 .  ( 0 , A , B , C, 0 ) e 3 , and
M e % =» ( 0 , A+M,B+M,C, 0 )  e 3 a n d  
( 0 ,  A, B+M, C fM, 0)  e 3
3 .  i )  ( 0 ,  M, M' , 0,  0)  e 3 =* M = M1
i i )  ( 0 ,  0,  M, M' , 0)  e 3 =» M = M'
i i i )  ( 0 ,  M, 0,  M ' ,  0)  e 3 =» M = M' = 0
( 0 ,  A, B, C, 0)  e 3 a n d  ( 0 , K , M , B , 0 )  € 3 =»
t h e r e  e x i s t s  M' e ft? s u c h  t h a t  
( 0 , M ' , M . C , 0 U  3 a n d  ( 0 , K , M ' , A , 0 )  e 3
S.  ( E x i s t e n c e  o f  p u l l b a c k s )  ( 0 , A , B , C , 0 )  c 4 a n d  
( 0 , A ' , B 1 , C , 0)  e 4 t h e r e  e x i s t s  M e % s u c h  
t h a t  ( 0 , A , M , B ' , 0 )  e 4 and  ( 0 , A ' , M , B , 0 ) r 4
Ohm c a l l s  a  p a i r  (771,4) a  m o n o i d  w i t h  e x a c t ,  
s e q u e n c e s . A t u p l e  i n  4 i s  c a l l e d  e x a c t .
I n  t h e  same p a p e r  Ohm d e f i n e s  a  g e n e r a l i s a t i o n  o f  
a  p r o j e c t i v e  ( o r  d u a l l y ,  i n j e c t i v e )  m o d u l e .  An c l e m e n t  
P e 771 i s  c a l l e d  j e c t i v e  ( r e l a t i v e  t o  4)  i f  f o r  a n y  
K, K ' , P '  i n  771 s u c h  t h a t  ( 0 , K1 , P '  , A, 0 ) and  ( o , K ,  P , C , 0 )  
a r e  e x a c t ,  t h e r e  e x i s t s  M e 771 s u c h  t h a t ,  ( 0 , K ' , M , K , 0 )  
an d  ( 0 , M , P ' + P , B , 0)  a r e  e x a c t .
I n  C h a p t e r  I I ,  j e c t i v e s  a r e  c h a r a c t e r i s e d  a s  
f o l l o w s :
T h e o r e m . An e l e m e n t  M e 771 i s  j e c t i v e  i f  an d  o n l y  i f
e v e r y  s e q u e n c e  o f  t h e  f o r m  ( 0 , A , B , M , 0 )  s p l i t : ; .  T h a t  
i s ,  B = A + M.
I n  C h a p t e r  I I I  c o n s t r u c t i o n s  a r e  g i v e n  f o r  s e t s  
(77{,3) a n d  u s e d  t o  a n s w e r ,  n e g a t i v e l y ,  s e v e r a l  q u e s t i o n s  
r a i s e d  b y  P r o f e s s o r  Ohm d u r i n g ,  h i s  s e m i n a r  a t  L o u i s i a n a  
S t a t e  U n i v e r s i t y ,  1 9 7 2 - 7 3 -
( 1 )  I s  t h e  sum o f  two e x a c t  s e q u e n c e s  a l w a y s  
e x a c  t ?
( 2 )  I s  a  summand o f  a  j e c t i v e  n e c e s s a r i l y  j e c t i v e 0
v l
( 3 )  I f  P i s  j e c t i v e  a n d  A + P i s  j c - t i v i  
A j e c t i v e ?
( 4 )  I f  t h e  o r d e r  o f  t h e  5 - t u p l e s  i n  th«- oN- 
o f  a  s e t  o f  s h o r t  e x a c t  s e q u e n c e s  is. r e v  
i s  t h e  new s e t  o f  S - t u p l e s  a  s e t  < >f si  10 
e x a c t  s e q u e n c e s ?
inrni .s
s rs*- ( i ,
r  1
CHAPTER I
1.  I n t r o d u c t i o n . I n  t h e i r  book:,  H o m o l o g i c a I  
A l g e b r a  ( P r i n c e t o n  U n i v e r s i t y  P r e s s ,  P r i n c e t o n ,
J e r s e y ,  1 9 5 6 ) ,  H. C a r t a n  a n d  S .  E i l e n b e r g  f o r m a l  i c e d  t h e  
d e f i n i t i o n  o f  t h e  h o m o l o g i c a l  d i m e n s i o n  o f  a  m o d u l e  i n  
o r d e r  t o  u n i f y  s e v e r a l  p a r a l l e l  c o n c e p t s :  t h e  c o h o m o l o g y
o f  g r o u p s ,  L i e  A l g e b r a s ,  a n d  a s s o c i a t i v e  a l g e b r a s .  T h e y  
o b t a i n  H i l b e r t ' s  t h e o r e m  on S y z y g i e s  a s  a  t h e o r e m  o f  
h o m o l o g y  t h e o r y  b y  e x t e n d i n g  t h e  m e t h o d  u t i l i z e d  by 
J  . L . K o s z u l  [ E] .
I n  [ 1 0 ]  Ohm p r o v i d e s  a n  a x i o m a t i c  a p p r o a c h  t o  
h o m o l o g i c a l  d i m e n s i o n .  He r e m a r k s  t h a t  ' ' I n  d e f i n i n g  
h o m o l o g i c a l  d i m e n s i o n ,  m o r p h i s m s  n e v e r  r e a l l y  e n t e r  i n t o  
t h e  p i c t u r e .  A l l  t h a t  m a t t e r s  i s  t h e  e x i s t e n c e  o f  
c e r t a i n  e x a c t  s e q u e n c e s . ' ' H i s  a p p r o a c h  u n i f i e s  t h e  
t h e o r i e s  o f  p r o j e c t i v e  a n d  i n j e c t i v e  d i m e n s i o n ,  a n d  h i s  
a x i o m s  a r e  s t r o n g  e n o u g h  t o  p r o v i d e  t h e  d i m e n s i o n  
t h e o r e m  ( s e e  [ ^ ] ,  p p .  3 7 ) .
22 .  Exani;> 1 e . Ohm' s  a x i o m s  on  e x a c t n e s s  a r e  mod )1 l e d  
a f t e r  t h e  p r o p e r t i e s  o f  e x a c  t. s e q u e n c e s  o f  R- i smm »rph1 s.m 
c l a s s e s  o f  R - m o d u l e s ,  w h e r e  R i s  a  r i n g .  We row t a k r  
a  look;  a t  t h i s  e x a m p l e ,  e s p e c i a l l y  w i t h  r e s p e c t  i.m t h e  
p r o p e r t i e s  a x i o m a t i x e d  b y  Ohm.
L e t  {%., f )  d e n o t e  t h e  R - i s o m o r p h i s m  c l a s s e s  o f  
f i n i t e l y  g e n e r a t e d  R - m o d u l e s  o v e r  a  n o e t h e r i a n  r i n g  R .
T h e n  ff[ i s  a  s e t  a n d  i s  c l o s e d  u n d e r  t , d e f i n e d  by
_  _  n
M, + M0  = Ml © M0  . ( F o r  e a c h  n  > o , l e t  Fn - © R .L d L (L ~~ 1
E v e r y  f i n i t e l y  g e n e r a t e d  R - m o d u l e  i s  i s o m o r p h i c  t  > a 
m o d u l e  d e f i n e d  b y  a  c o n g r u e n c e  on F n . ( S e e  } . h )
A c o n g r u e n c e  i s  a  s u b s e t  o f  Fn x Fn , a n d  a l l  c o n g r u e n c e s
p n ^ rpn
on  Fn i s  a  s u b s e t  o f  2 . Hen ce  U ( c o n g r u e n c e s
n>o
on Fn} is a set of the same cardinality as ty .)
1 . 1  D e f i n i t i o n . L e t  3 ^  77  ^ be  s u c h  t h a t  e a c h  e l e m e n t  
o f  $ i s  o f  t h e  f o r m  ( 0 ,  A,B,"C,"0) a n d  s u c h  t h a t  
( 0 , A , B , C , 0 )  i s  i n  3 °  t h e r e  e x i s t  R - m o d u l e
h o m o m o r p h i s m s  a  a n d  3 s u c h  t h a t
a  0 
0  -» A -» R -* c -* 0
i s  a n  e x a c t  s e q u e n c e  o f  R - m o d u l e s .  An e l e m e n t  o f  3
i s  c a l l e d  a  s h o r t  e x a c t  s e q u e n c e  o r  s i m p l y  e x a c t .
G i v e n  a  s e q u e n c e  ( 0 , A , B , C , 0 )  i n  3 , t h e r e  e x i s t s ,
b y  d e f i n i t i o n ,  a n  e x a c t  s e q u e n c e
3a 0 
0 - » A - * B - * C - » 0
o f  R - m o d u l e s .  The hom om or ph i sm n a a n d  0 a r e  no). ,  
i n  g e n e r a l ,  u n i q u e  an t h e  f o l l o w i n g  e x a m p l e  shown:
1 . 2  E x a m p l e . L e t  R -  Z ; t h e  i n t e r , c m ,  s o  t ha t ,  o u r
R - m o d u l e s  a r e  now a b e l i a n  g r o u p s .  L e t
00 < o
A - Z , B Z © (®z0 ) , a n d  C ■= Z0 © (©Z ) ,1 d. , ^
an d  l e t  a : A  -* B be  d e f i n e d  t o  be
a ( x ) = ( 2 x , o , o , • • • ,  o , • • • ) ,
a n d  l e t ,  P : B  C b e  d e f i n e d  t o  b e
3 ( x , y l , y 2 , • • • , y n . • • • ) -■= ( x ,  y 1 , y p , • • • ,  y n , • • • ) .
a  0T h e n  (die seq uence -  0 - * A “* B - * C - * 0  d o e s  not .  s p l i t .  
F o r  i f  i t  d i d ,  t h e r e  w o u l d  e x i s t  y : C -* B s u c h  t.hat,
0 o Y -  I q .
T he n  1c r e s t r i c t e d  t o  t h e  f i r s t  summand o f  C
w o u l d  y i e l d  1„ , a n d  w o u l d  f a c t o r  t h r o u g h  Z .
2
T h e r e  i s ,  h o w e v e r ,  n o  Z - h o m o m o r p h i s m  f r o m  i n t o  Z
e x c e p t  f o r  t h e  z e r o - h o m o r p h i s m . Hence  t h i n  s e q u e n c e  
c a n n o t  he a  s p l i t .
S i n c e  B = A T> C , t h e r e  i s  a  p a i r  o f  m a p : , i  and  
p , t h e  c o n n o n i c a l  i n j e c t i o n  a n d  p r o j e c t i o n  r e :  p e c t i v e ] y , 
w h i c h  do make t h e  s e q u e n c e  s p l i t .
T h u s  a. a n d  3 n e e d  n o t  be  u n i q u e .
1 . 3  D e f i n i t i o n . An e l e m e n t  ( 0 , A , B , C , 0 )  o f  6 i s
c a l l e d  a  s p l i t  e x a c t  s e q u e n c e  i f  B = A+C .
1 J i  E x a m p l e . L e t  R b e  a  n o e t h e r i a n  r i n g  a n d  l e t
(97!, + ) b e  t h e  R - i s o m o r p h i s m  c l a s s e s  o f  R- m o d u l e : ;  u n d e r
E.
d i r e c t  sum,  a n d  l e t  3 b e  t h e  s u b s e t  o f  97! ' - o n s i s t i n g  
o f  a l l  e x a c t  s e q u e n c e s .  T h e n  3 h a s  t h e  f o l l o w i n g  
f i v e  p r o p e r t i e s :
P r o p e r t y  1 . ( 0 , 0 , 0 , 0 , 0 )  e df .
P r o o f .  The  s e q u e n c e  O - ^ O ^ O ^ O - ^ O  i s  a n  e x a c t  
s e q u e n c e  o f  R - m o d u l e s .
P r o p e r t y  2 . 3 c o n t a i n s  t h e  s p l i t  e x a c t  s e q u e  i c e s ,  and
g i v e n  a n y  s e q u e n c e  ( 0 , A , B , C , 0 )  e 3 , a n d  a n y  s p l i t
e x a c t  s e q u e n c e  ( 0 ,  D, D+E, E,  0)  e 97?-' , t h e i r  sum
( 0 , A+D,B+D+E,C+E,0)
I s  i n  3 .
P r o o f .  I f  C a n d  D a r e  i n  7ft , t h e n  t h e  s e q u e n c e '
i  P
o f  R - m o d u l e s ,  0 -* C -♦ C©D -* D -* 0 , w h e r e  i  a n d  p 
a r e  t h e  e o n n o n i c a l  i n j e c t i o n  a n d  p r o j e c t i o n  r e s p e c t i v e l y ,  
i s  a l w a y s  e x a c t ,  (' © D i s  f i n i t e  Ly g e n e r a t e d ,  and  
t h e r e f o r e
( 0 , C , C + D , D , 0)  e 3 .
The  s e c o n d  s t a t e m e n t  o f  p r o p e r t y  ? f o l l o w s  f r o m  
t h e  m o r e  p e n e r a l  p r o p e r t y  e n j o y e d  by  t h i s  e x a m p l e  w h i c h  
f o l l o w s :
P r o p e r t y  2 ' . L e t  ("0, A-^, B-^,"C^,"0) an d  ( 0 ,  Ag, 0)
b e  i n  3 . T h e n  t h e i r  c o o r d i n a t e - w i s e  sum
( 0 , A-^+Ag, iBg? 0 )
i s  i n  3 .
P r o o f . T h e r e  e x i s t  R-moduLo h o m o m o r p h i s m s  ,3  j , 
s u c h  t h a t
a r e  e x a c t  s e q u e n c e s  o f  f i n i t e l y  g e n e r a t e d  R - m o d u l < s .
T h e n  t h e i r  sum
o ^ + d g  3 1+3 2
0  -♦ At ©A2  -* B 1©B2  -* CX©C2  -» 0
i s  a l s o  e x a c t ,  a n d  A^ © A2  , © B2  , an d  CL © r
a r e  f i n i t . e l y  g e n e - r a t e d .
P r o p e r t y  3 « i )  I f  ( 0 , M , M ' , 0 ,  0)  e <$ , t h e n  M ^ M' .
i i )  I f  ( 0 , 0 , M ' , M , 0)  e S , t h e n  M - M 1 .
i i i )  Tf  ( 0 ,M, 0 , M1 , 0 ) e <$ , t h e n  M M' -  0
P r o o f . i )  ( 0 , M , M ' , 0 , 0)  e $ *  3  a ,  8 s u c h  t h a t
a  3
0 -» M -» M' - * 0 - * 0  i s  e x a c t .  T h u s  a  i s  a n
i s o m o r p h i s m  a n d  M = M' .
The  p r o o f  o f  i i )  i s  s i m i l a r  t o  t h e  p r o o f  o f  I )  .
i i i )  ( 0 , M , 0 , M ' , 0 )  e 3 =» 3 a , 8 s u c h  t h a t
a  8 
0  -* M ■* 0 -* M1 -* 0
I s  an e x a c t  s e q u e n c e  o f  R - m o d u l e s .  T h e r e f o r e ,
M -- 0 -  M1 o r  M = 0 = M' .
P r o p e r t y  4 . ( P u l l b a c k ; )  I f  ( 0 ,  A,B,"C,"0) a n d  ("0, K,M, B,"0)
a r e  e x a c t ,  t h e n  t h e r e  e x i s t s  a n  M1 € 7f[ s u c h  t h a t
Co,Ml ,M,"C, 0)  and  (0 ,  K,M 1 , A, 0)  a r e  e x a c t .
P r o o f . T h e r e  e x i s t  p a i r s  ( a , 3 )  an d  ( y » 6 ) o f
a P
R - m o d u l e  h o m o m o rp h i s m s  s u c h  t h a t  0 - * A - * B - *  (’ -♦()  
Y 5
a n d  a r e  e x a c t  s e q u e n c e s  o f
R - m o d u l e s .
C o n s i d e r  t h e  f o l l o w i n g  d i a g r a m  o f  R - m o d u l e s  
c o n s t r u c t e d  f r o m  t h e s e  two s e q u e n c e s :
0
I
R
1Y
M
a i 6 P
0  *A  * B  ► C ----► 0 .
i
0
T h i s  d i a g r a m  c a n  b e  c o m p l e t e d  w i t h  M' , t h e  p u l l b a c k ,  
o f  t h e  d i a g r a m
M
a s  follows:
80 o
i
; i
K K
V if
0 • • • ^  M  ^ M ^ C • • • ->
:v a  r p
0  ^ C  - 0
1 ,
0  0
( s e e  [ 8 ] , I ,  LB. 3)  .
The  p u l l b a c k  M' i s  a  s u b m o d u l e  o f  M , w h i c h  i s  
a  f i n i t e l y  g e n e r a t e d  m o d u l e  o v e r  a  n o e t h e r i a n  r i n g ,  
a n d  i s  t h e r e f o r e  f i n i t e l y  g e n e r a t e d  ( s e e  | 6 ] ,  p p  . 1 8^ l ) . 
T h u s  ( 0 , M '  ,M, "C, 0)  a n d  ( 0 ,  K, M ' , A, 0)  a r e  i n  3 .
P r o p e r t y  5 . ( P u l l b a c k )  I f  ( 0 , A , B , C , 0 )  a nd
("0, A ' , B 1, (T, 0)  a r e  i n  3 , t h e n  t h e r e  e x i s t s  a n  M e %
s u c h  t h a t  ( 0 , A , M , B ' , 0 )  a n d  ( 0 , A ' , M , B , 0 )  a r e  i n  3 .
P r o o f . T h e r e  e x i s t  p a i r s  ( a , e )  and  ( y , 6) o f  R - m o d u l e
a  3
h o m o m o rp h i s m s  making,  0  -» A -* B -♦ h -♦ 0 a n d  
Y 6
0 -* A 1 -* B 1 -* h -* () e x a c t  s e q u e n c e s  o f  R - m o d u l e s .
The  d i a g r a m
can be completed with the pullback, M , of the diagram
B-
B'
I5
C
i n  t h e  f o l l o w i n g  m a n n e r :
0 -
0
•>A
I
I
0
v
A 1-
♦
■>M ■
✓
B-
0
0
-*0
( s e e  [ 8 ] , I  , 2 0 . 3 )  . S i n c e  M £  B © B , and  R i n  
n o e t h e r i a n ,  we h a v e  M f i n i t e l y  g e n e r a t e d .
3 .  J e c t i v e s . The  c o n c e p t  o f  a  p r o j e e t i x e  ( o r  
d uaLl . y ,  i n j e e l  i v r )  R - m o d u l e  1:; o ne  (i f  t h e  me.; i i m p or  tun  
i n  h o m o l o g i c a l  a l g e b r a .
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D e f i n i t i o n . L e t  R b e  a  r i n g ,  a n d  l e t  P b e  a n  R - m o d u l e .  
We s a y  t h a t  P Is p r o j e c t i v e  i f  w h e n e v e r  t h e r e  a r e  
R - m o d u l e s  A a n d  B , R - m o d u l e  h o m o m o r p h i s m  a :  1 -* B and  
R - m o d u l e  e p i m o r p h i s m  0 :  A -* B 0 , t h e n  t h e r e  e x i s t s  
V : P -» B s u c h  t h a t  0y -  a .
The  f o l l o w i r w  w e l l - k n o w n  c h a r a c t e r i z a t i o n  o f  p r o j e c t i v e  
H - m o d u l e s  w i l l  be u s e d . .  Al t h o u g h  p r o o f s  a r e  f  )und i n  m<>s i 
e v e r y  book; on h o m o l o g i c a l  a l g e b r a ,  t h e  p r o o f s  w i l l  a l s o  be 
i n e t u d e d  h e r e  b e c a u s e  t h e  t h e o r e m s  w i l l  be  c o n s i d e r e d  
a g a i n  i n  t h e  mo r e  g e n e r a l  s e t t i n g  o f  Oh m' s  a x i o m s .
1 .  rJ> T h e o r e m . L e t  R be  a  r i n g  a n d  l e t  P b e  an  
R - m o d u l e .  T h e n  t h e  f o l l o w i n g  s t a t e m e n t s  a r e  e i u i v a l e n t :
( a )  P i s  p r o j e c t i v e .
( b )  E v e r y  s h o r t  e x a c t  s e q u e n c e
a  0 
0 -* A -» B -* P
o f  R - m o d u l e s  s p l i t s .
( e )  P i s  i s o m o r p h i c  t o  a  d i r e c t  summand o f  a  f r e e
m o d u l e  o v e r  R .
P
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P r o o f . ( a )  ( b )  . Assume R i s  p r o j e c t i v e  a n d  c o n s i d e r
t h e  d i a g r a m
P
w i t h  I p : P -» P , t h e  i d e n t i t y .  By d e f i n i t i o n  t h e r e
e x i s t s  y : P  -* B s u c h  t h a t
By = lp .
H e n c e ,
B ~  a (  A) © Y ( P) -  A © P .
( b )  =» ( c )  L e t  F b e  t h e  f r e e  m o d u l e  on t h e  s e t  P .
T h e n  t h e  i d e n t i t y
1 :  P -♦ P
c a n  b e  e x t e n d e d  t o  a  h om om or ph Is m
J  : F -♦ P .
L e t t i n g  K b e  t h e  k e r n e l  o f  J  , we h a v e
i n c  J  
0 -» K -♦ F -» P -* 0
is. e x a c t ,  a nd  a s  it.  s p l i t . : ' . ,  w  c o n c l u d e  f'n>m ( b )  ,
1 2
K © P = F .
( c )  =* ( a )  . Assume K © P ^  P , t h e  f r e e  m o d u ' e  on  t h e  
s e t  s  . C o n s i d e r  t h e  d i a g r a m
a -J-
(3
E x t e n d  0 :p -* R t o  B 1 : F -* B b y
0 ' ( f )  = B ' ( x , y )  -- B ( x )
f t p ,  f  = ( x,  y) ,  x e P , y  e K
T h e r e  e x i s t s  T : P  -* A s u c h  t h a t
ar = B
a s  we s e e  b y  s e n d i n g  s c S t o  a n y  e l e m e n t  o f
a_1 (3 '  ( s ) ) •
T h e n  i f  i  i s  t h e  i n c l u s i o n  i : P -* P © K ,
Y = T i
i s  t h e  r e q u i r e d  h o m o m o r p h i s m .
Q . E . D ,
1 . 6  D e f i n i t i o n . L e t  ^  b e  t h e  m o n o i d  o f  R- i  s j rrmrph i cm 
e!  u.ss<-'s o f  R- mo d u l . e s .  An e l e m e n t  P e 77| i s <■ t i l e d
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j e c t i v e  i f  g i v e n  a n y  p a i r  o f  e x a c t  s e q u e n c e r ;
( 0 , A , B , " C , 0 ) a n d  ( 0 , K ' , P , C , 0 )  i n  <$ , a n d  an  e l e m e n t
K e % s u c h  t h a t  ( 0 ,  K,"P, Cf,0) i s  i n  & , t h e n  t h e r e
e x i s t s  M € % s u c h  t h a t  ( 0 , K ' , M , K , 0)  a n d
( 0 , M, P '  f P ,B, "0)  a r e  e x a c t .
1 . 7  T h e o r e m . An e l e m e n t  P i n  % i s  j e c t i v e  i f  a n d  o n l y  
i f  P i s  a  p r o j e c t i v e  R - m o d u l e .
P r o o f . S u p p o s e  P i s  a p r o j e c t i v e  R - m o d u le ,  and  l e t  
( 0 , A , B , C , 0 ) ,  ( 0 , K ' , P '  , A , 0 ) , a n d  ( 0 , K , P , A , 0 )  be
g i v e n  e x a c t  s e q u e n c e s .  Then  t h e r e  e x i s t  R - m o d u l e  
h o m o m or p h i s m s  a , p , y , 6 , Y S 6 f * s u c h  t h a t  t h e  f o l l o w i n g  
a r e  e x a c t  s e q u e n c e s  o f  R - m o d u l e s :
a 0
0 -» A -* B -» C -> 0
Y 6
0 -♦ K -♦ P -* A -♦ ( .
Y ' 6 '
0 K' -* P' -* A' -♦ ( i
C o n s i d e r  t h e  f o l l o w i n g  d i a g r a m :
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0 0 0
I
0 • • •  K * • . . M • • •  K • • •  O
I y ‘ : yi
0 • • •  • • • P ' © P ». .
s' :
a  ’ o
P . . .  0
6
0 --------> A  > B  * C
0 0 0
L e t  \ : P -* B b e  t h e  R - m o d u l e  h om o mo rp h i s m  g u a r a n t e e d  
b y  t h e  p r o j e c t i v i t . y  o f  P s u c h  t h a t
a n d  l e t  M = k e r  6 '  1 , a n d  a '  1 :M -* P © P 1 be  t h e
i n c l u s i o n .  Now d e f i n e  i : P '  -* P © P'  , a n d  p : P  © P' -* P
t o  b e  t h e  i n j e c t i o n  a n d  p r o j e c t i o n  m a p s ,  r e s p e c t i v e l y .
Then all sequences a r e  e x a c t ,  t h e  d i a g r a m  c o m m u t e s ,  a n d  t h e  
t o p  row c a n  t h e r e f o r e  be  c o m p l e t e d  b y  t h e  N i n e  Lemma 
( s e e  [ 8 ]  , I ,  1 8 .  I )  . Hen ce  t h e  s e q u e n c e s  ( 0,M,"P'  4 P, B,  0)
a n d  ("0, K'  0 )  a r e  i n  $ .
C o n v e r s e l y ,  s u p p o s e  t h a t  P i s  a  j e c t i v e  e l e m e n t  
o f  ff[ . Let ,  F b e  a  f i n i t e l y  g e n e r a t e d  f r e e  R - m o d u l e
D e f i n e  6 ' 1 : P'  © P -* B b y
6 1 ' ( p ' , p )  = a  a 1 ( p 1) + \  ( p )
w h i c h  r e s o l v e s  P .  ( L e t  {x ) be  a  f i n i t e  se t ,  o f' a
g e n e r a t o r s  f o r  P . L e t  F ( x a l t,he f r e e  m o du l e1 on
t h e  s e t  [ x  } . T h e n  i n c l u s i o n :  fx  } -* P c a n  be  a  a
e x t e n d e d  t o  a  u n i q u e  ho mo mo rp h i s m F {x &) -* P w h i c h
i s  o n t o  s i n c e  t h e  {x T g e n e r a t e  P . )  L e t  K be t h ea  '
k e r n e l .  T h e n  K i s  f i n i t e l y  g e n e r a t e d  s i n c e  F i s  
n o e t h e r i a n ,  a n d  we h a v e  t h e  e x a c t  s e q u e n c e  o f  R - m o d u l e s
0 - » K - » F - » P - » 0  .
He nc e  ( C>, K, F,"P, 0)  i s  i n  <$ , a n d  s i n c e  T5 ir; j e c t i v e ,  
a n d  ( 0 , 0 ,  A, A, 0)  a n d  ("0,"0, P,"P,"0) a r e  i n  <j? , we c a n  
f i n d  M e Vi s u c h  t h a t  ( 0 ,  M, A+P, F ,  0)  a n d  ( 0 , 0 , M , 0 , 0 )
a r e  i n  S . T h e n  M = "0 a n d  F = A f  "P b y  p r o p e r t y  3
H e n c e  P i s  i s o m o r p h i c  t o  a d i r e c t  summand o f  a  f r e e  
m o d u l e ,  a n d  i s  t h e r e f o r e  p r o j e c t i v e  b y  t h e o r e m  1 . 3 .
T h u s ,  t h e  j e c t i v e  e l e m e n t s  T  o f  S a r e  t h o s e  
f o r  w h i c h  P i s  p r o j e c t i v e ,  a n d  h a v e  t h e  o t h e r  u s u a l  
p r o p e r t i e s  o f  p r o j e c t i v e s  h o l d i n g  f o r  t h e s e  j e c t i v e s ,  
n a m e l y :
i )  I f  "P i s  j e c t i v e ,  a n d  P '  I  Q P , t h ^ n  P'
i s  j e c t i v e  ( a  summand o f  a  j e c t i v e  i s  n e c e s s a r i l y  
j e c t i v e ) .
P r o o f . S u p p o s e  P i s  j e c t i v e  a n d  T5' + Q - P . T he n  
P i s  a  p r o j e c t i v e  R - m o d u l e  a n d  P '  © Q ^  P .
IB
T h u s  P 1 i s  a  d i r e c t  summand o f  P , a n d  t h e r e f o r e  must,  
b e  p r o j e c t i v e .  He nc e  P '  i s  j e c t i v e  b y  t h e o r e m  1.7*
i i )  I f  P a n d  Q a r e  j e c t i v e ,  t h e n  P t Q if. 
j e c t i v e .
P r o o f . By t h e o r e m  1 . 7>  P a n d  Q, a r e  p r o j e c t i v e ,  t h e r e f o r e  
P © Q is p r o j e c t i v e .  Hence  P © Q = P f Q i s  j e e t i v i  
b y  t h e o r e m  1 . 7 *
i i i )  G i v e n  ("0, A, B,(T,"0) a n d  ("0, A ' , B 1 ,~C 1 , 0)  
e x a c t ,  t h e n  t h e i r  sum
( 0 ,  A KA, B f B ' , C + C ' , 0 )
i s  a l s o  e x a c t .
P r o o f . S i n c e  ( 0 ,  A, B,"C,"0) i s  i n  <$ a n d  t h e r e  e x i s t  
R - m o d u l e  h o m o m o r p h i s m s  a  a n d  3 s u c h  t ha t ,
a 3
0 - * A - * B - * C - * 0
i s  a n  e x a c t  s e q u e n c e  o f  R - m o d u l e s ,  a n d  t h e r e  e x i s t ,  
a* a n d  3 '  s u c h  t h a t
a 1 3 '
0 -» A 1 -* B ' *♦ C'  0
i s  a n  e x a c t  s e q u e n c e  o f  P - m o d u l e s .
I f
T h e i r  sum
a + a ' p+3
0  -* A®A* -» B ® B 1 -»
i.s i hrm e a s i l y  s e e n  t o  b e  e x a c t  
( 0 , A + A f , B + B ' , C + C '
C®C' -* 0 
Thus 
,"0) e <$ .
CHAPTER I I
1 .  The  A x i o m s . L e t  (#1, t )  b e  a  r -o i runutu t ive  
m o n o i d  w i t h  i d e n t i t y  0 . L e t  5 b e  a  s u b s e t ,  o f  %, ' 
o f  e l e m e n t s  o f  t h e  f o r m  ( 0 , A , P , C , 0 )  w h i c h  s a t i s f y  
t h e  f o l l o w i n g  a x i o m s .
<*1. ( 0 , 0 , 0 , 0 , 0 , )  e 5
5 2 .  5 + Sp c  3
5 3 .  i )  ( 0 , M , M ' , 0 , 0 )  e 5 => M = M1
i i )  ( 0 , 0 , M , M ' , 0 )  e 5 =» M = M'
i i i ) ( 0 , M,  0 , M'  , 0)  e 5 =» M = M1 -- 0
5H. ( P u l l b a c k )  G i v e n  ( 0 , A , B , C , 0 )  e 5 and
( 0 , K , M , B , 0 )  e 5 t h e r e  e x i s t s  M' e % s u c h
t h a t  ( 0 , M ' , M , C , 0 )  e 5 a n d  ( 0 , K,M' , A , o )  c 5
5 r} . ( P u l l b a c k )  G i v e n  ( 0 , A , B , G , n )  c 5 and
( 0,  A ' , B 1, C , 0)  e 5 . T h e r e  e x i s t s  M r V\ s u c h  
t h a t  ( 0 , A , M , B 1, 0 )  e 5 a n d  ( o , A ' , M , B , 0 )  e 5 .
A p a i r  (771,5) i s  c a l l e d  a  m o n o i d  w i t h  e x a c t ,  
s e q u e n c e s , a n d  an  e l e m e n t  o f  5 w i l l  be  c a l l e d  a  s e t  . >f 
s h o r t ,  e x a c t  s e q u e n c e s .
1.8
V)
As was  v e r i f i e d  i n  e x a m p l e  U l ,  t h e  m o n o i d  o f  
i s o m o r p h i s m  c l a s s e s  o f  R- mo d \a l e s  u n d e r  d i r e c t ,  sum 
s a t i s f i e s  t h e s e  a x i o m s .  O t h e r  e x a m p l e s  w i l l  be  e o n s t r u • t e d  
i n  C h a p t e r  I I I .
Two d i a g r a m s  w i l l  be  c o n s i d e r e d  t h r o u g h o u t  t h i s  
p a p e r  i n  o r d e r  t o  i l l u s t r a t e  a x i o m s  <24 a n d  <2£> .
F o r  t h e  p u l l b a c k s  i n  <24 a n d  <25 o n e  s h o u l d  hav< 
t h e  f o l l o w i n g  d i a g r a m s  i n  m i n d :
0 0
: I
K K 
o • • • M1 • •
-B
C- • • 0
0 0
•0
0 0
A' A'
C • • • A • • • M1 • • »B* • • *0
0  A —  B -  -  C  0
0 0
<24
The  s e q u e n c e s  ( 0 , M ' , M , C , 0 )  a n d  ( 0 ,  K, M 1 , A, <■') i n  
t h e  <24 d i a g r a m ,  a n d  ( 0 ,  A 1 , M 1 , P., 0)  a n d  ( 0 ,  A, M 1 , B ' , o ’ 
i n  t h e  <25 d i a g r a m  a r e  c a l l e d  t h e  c o m p l e t i o n s  o f  t h e  
d i a g r a m s .  An £4 o r  <25 d i a g r a m  t o g e t h e r  w i t h  i t s  
c o m p l e t i o n  i s  c a l l e d  a  c o m p l e t e d  d i a g r a m .
3 .  J e c t i v e s . L e t  {%., <2) b e  a  s e t  o f  s h o r t  e x a c t  
s e q u e n c e s .  An e l e m e n t  P e i s  c a l l e d  ,1 e c t i v o  i f  f o r
ro
a n y  ( 0 ,  A , B , C , 0 )  e <$ , ( 0 ,  K' , P ' , A, 0 )  e 8 , a i d  ( 0 , K , P , 0 . 0 i
i n  <5 , t h e r e  e x i s t s  M e 771 s u c h  t h a t  t h e r e  e x i s t
( 0 , K ' , M , K , 0 )  e 8 a n d  ( 0 ,  K, P ' + P ,  B, O') e 8 .
The  f o l l o w i n g  d i a g r a m  i s  h e l p f u l :
0 0 0
o • • * K1 • • • M • • • K • • • 0
p p + p  p
(>------ A -------B--------C ------ 0
! i
0 0 0
We h a v e  s e e n  i n  C h a p t e r  I  t h a t  when 77? i '  t h e  
m o n o i d  o f  i s o m o r p h i s m  c l a s s e s  o f  R - m o d u l e s ,  t h a t  a n
- -Lenient  P i n  77? i s  j e c t i v e  i f  a n d  o n l y  i f  P i s  a
p r o j e c t i v e  R-module? .  P r o j e c t i v e  R - m o d u l e s  a r e  a l s o  
c h a r a c t e r i z e d  a s  t h o s e  m o d u l e s  P w h i c h  s p l i t  e v e r y  
e x a c t ,  s e q u e n c e  ( 0 , A ,  B , P ,  0 )  . We now p r o v e  an  a n a l o g o u s
r  - s u i t  f o r  a n  a r b i t r a r y  m o n o i d  w i t h  e x a c t  s e q u e n c e s  
(771, <?) .
0 . 1  T h e o r e m . L e t  (771,8) b e  a  m o n o i d  w i t h  e x a c t  
s e q u e n c e s  a n d  l e t  P e 77? . T h e n  P i s  j e e t i \ e  i f  and  
o n l y  i f  P s p l i t . s  e v e r y  s h o r t  e x a c t  s e q u e n c e
( o , A . H .  P . " )  ‘ 0 '  A t  P)  .
P r o o f . S u p p o s e  P i s  j e c t i v e ,  and  l e t  ( o , A , l  , P , 0) 
be e x a c t .  T he n  t h e  d i a g r a m
0 0 o
1 : i
o . . . o . . . o . . . o • • • o
i : i
A A fP  P
I ; i
o ----A ----- R -P  o
i ; i
0 0 o
' •an b>- e o m p l e t , r d  a s  s h o w n . IP-nee a  f- P R e.y a x i o m  
| ’o n v o r s e l y , s u p p o s e  P e % , and  e v e r y  s e q u e n c e  
( 0 , D . E , P , 0 )  c 8 s p l i t s ,  a n d  l e t
0 0
1 I
K' K
I |
O----A------R------ C -----U
I !
0 o
be a ,b et, lvo d i a g r a m  w h i c h  we w i s h  t.o arnf> 1 et .e .
by a x i o m  8 r) , t h e r e  e x i s t s  N c 171 s u e f  t .ha t
0 0 
: I
K K 
q . . •  a  • • • N • • • P • • • 0
: I
0  A B C 0
0 0
c a n  be  c o m p l e t e d  ( a s  s h o w n ) ,  r e s u l t i n g  i n  s e q u e n c e s  
( 0 , A , N , P , 0 )  a n d  ( 0 , K , N , B , 0 )  i n  3 . S i n c e  P s p l i t s  
e v e r y  s u c h  s e q u e n c e ,  A + P - N . H e n c e ,  s u b s t i t u t i n g  
A + P i n t o  t h e  s e c o n d  s e q u e n c e  f o r  N , we h a v e  
( 0 , K , A + P , B , 0 )  e 3 .
By a x i o m  3 5 , t h e  d i a g r a m
0 0
K' K'
0 . . . m , • Pr4-P • • • B
• I
0 ------- K— -A + P ---- B
0 0
c a n  b e  c o m p l e t e d .
The  c o m p l e t i o n  o f  t h i s  d i a g r a m  a l s o  c o m p l e t e s  (.he 
,] i ' < • t i v«' d i a g r a m  wi t h  w h i c h  w< s t a r t e d .
Q . K . I).
. . . 0
 0
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A n o t h e r  r e s u l t ,  a n a l o g o u s  t o  t h e  e a s e  o f  H - m o d u l e s  
f o l l o w s .
2 . 2  C o r o l l a r y . L e t  (77|, <2) b e  a  m o n o i d  w i t h  e x a o i
s e q u e n c e s .  I f  P a n d  Q a r e  e l e m e n t s  o f  77! w h i c h
a r e  j e c t i v e ,  t h e n  P + Q, i s  a l s o  j e c t i v e .
P r o o f . By t h e  t h e o r e m  we o n l y  n e e d  t o  show t h a t  a n y
s e q u e n c e  i n  3 o f  t h e  f o r m  ( 0 ,  A, B, P+Q, 0) s p l i t : : .  Wf
c o n s t r u c t  t h e  f o l l o w i n g  dfA d i a g r a m :
0 0
k  A
0 ••• m  •••B •••Q  •••0
0 ------  p.  p+Q  Q ------  0
i !
T h e r e  e x i s t s  M e 77! w h i c h  c o m p l e t e s  t h e  d i a g r a m  a s
shown w i t h  ( g , A , M ,  P, 0)  e 3 , a n d  ( 0 , M , B , Q , 0 )  c 3 . how, 
s i n c e  P i s  j e c t i v e ,  t h e  s e q u e n c e  ( 0 , A ,  M , P , 0 ;  s p l i t . : ;  
a n d  h e n c e  A + P = M . S i n c e  Q i s  j e c t i v e  we h a v e
M f  Q -  B . S u b s t i t u t i n g  f o r  M ,
2>\
A + P + Q -  B .
I l r n / T  ( 0 ,  A, B , P+Q, 0)  s p l i t s .
Q . K . D .
A n o t h e r  p r o p e r t y  o f  a  p r o j e c t i v e  m o d u l e  In I,he 
r-a t r y o r . y  o f  R - m o d u l e s  i s  t h a t  a  summand o f  a  p r o j e c t i v e  
m o d u l e  in  p r o j e c t i v e .  T h i s  p r o p e r l y  i s  f a l s e  ’o r  g e n e r a l  
(Tl.iS) , a s  s h a l l  see- i n  C h a p t e r  1 11 .  T l r - r e  i s  a 
r e s u l t ,  h o w e v e r ,  w h i c h  ho  I d s  f o r  c a n c e l  l . a t i v o  j e o  t i v e o  
in a m o n o i d  7ft w i t h  e x a c t  s e q u e n c e s  <$ .
2 . 3  D e f i n i t i o n . L e t  (77?, f )  b e  a  m o n o i d  an d  : c 77? .
The e l e m e n t  x i s  c a l l e d  c a n c e l l a t i v e  i f  f o r  a l l
V, Y'  e 77?
x *- y  -- x + y ' =* y  = y 1 .
2 . 3  C o r o l l a r y . L e t  (77?, £)  b e  a  s e t  o f  s h o r t  ? x a c t  
s e q u e n c e s ,  an d  l e t  Q b e  a  c a n c e l l a t i v e  e l e m e n t  i n  
77? . T h e n  i f  P + Q  i s  j e c t i v e ,  s o  i s  P .
P r o o f . L e t  ( 0 , A , R , P , 0 )  be  i n  <$ . We w i s h  t o  s e e  
t ha t ,  t h i s  s e q u e n c e  s p l i t s .  By a x i o m  $2 , t h e  s e q u e n c e  
( 0 ,  A, B tQ, P+Q, 0) i s  i n  <$ . S i n c e  P -+ Q i s  j e c t i v e ,  
t h e  t h e o r e m  p i v e s  u s  t h a t
2r)
A + P + Q -  B +  Q .
Now c a n c e l l i n g  Q , we h a v e
A + P = B .
Q . E . D .
T.  The A d d i t i o n  o f  E x a c t  S e q u e n c e s . I n  t h e  
c a t e g o r y  o f  R - m o d u l e s ,  two  s h o r t  e x a c t  s e q u e n c e s  c a n  
b e  a d d e d  a n d  t h e  sum r e m a i n s  e x a c t .  I n  C h a p t e r  I I I  we 
w i l l  s e e  a n  e x a m p l e  (*,<*) w h e r e  t h e r e  e x i s t s  a  s e q u e n c e  
w h i c h  c a n n o t  b e  a d d e d  t o  i t s e l f .  W i t h  m o r e  h y p o t h e s i s ,  
s o m e t h i n g  p o s i t i v e  c a n  b e  s a i d .
2 . 5  T h e o r e m . L e t  (W|, S)  b e  a  m o n o i d  w i t h  e x a c t  
s e q u e n c e s ,  a n d  l e t  ( 0 , A , B , C , 0 )  an d  ( 0 , A 1, B ' , C 1, 0 )  hr  
e l e m e n t s  o f  <$ . I f  A ( o r  A'  ) i s  j e c t i v e ,  t h e n  
( 0 , A+A' , B +B1, C+C' , 0) i s  i n  S .
P r o o f . S i n c e  ( 0 , A , B , C , 0 )  e <$ , we h a v e  
( 0 ,  A, B+C ' , C+C ' , 0)  e 8 b y  a x i o m  <$2. S i m i l a r l y ,
( 0,  A 1 , B 1+B, C ' +B, 0)  e <$ . Now u s i n g  t h e s e  e l e m e n t s  we 
c o n s t r u c t  a n  d i a g r a m .
0 0
A'  A'
0 • . . m * • -B+B'- • -C+C' •• *0
0 ------A —  B+C' —  C+C' —  0
0 0
w h i c h  c a n  b e  c o m p l e t e d  w i t h  a  p u l l b a c k .  M € %, 
( 0 ,  A 1 , M, A, 0)  e $ a n d  ( 0 , M , B + B '  C + C ' , 0 )  e <5 
A i s  j e c t i v e ,  ( 0 , A ' , M , A , 0 )  s p l i t . s ,  a n d  M 
S u b s t i t u t i n g  f o r  M , we h a v e  ( 0 , A+A1, B+B1, C
2t>
Hence  
Sln^f -  
A I A 1 . 
f-C ' , u ) c S .
Q . E . D .
CHAPTER I I I
1 .  D i a g r a m s . L e t  3  be  a n  <jM d i a g r a m  c o n s t r u c t e d  
f r o m  t h e  e l e m e n t s  ( 0 ,  A , B , C , 0 )  a n d  ( 0 , E , F , h , 0 )  i n  & 
a nd  l e t  £ '  be  a n  S'j d i a g r a m  c o n s t r u e t e - d  f r o m  t he 
e l e m e n t s  ( 0 , M , N , S , 0 )  a n d  ( 0 , U , T . S , 0 )  in S a s  shown 
b e l o w :
0 0
E IJ
F
0 — A----- B C 0 0  M  N  S  0
0 0
S u p p o s e  t h e r e  e x i s t  s e q u e n c e s
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s u c h  t h a t
a n d
( 0 ,  A ,  B , 0 ,  0 )  = ( 0 , A 1 + A 2 , B 1 + B 2 , C 1 l - a , , o )  
( 0 , E , F , B , 0 )  = ( O . E l +E2 , F 1 M ^ . B j  IB., , ,0)
( 0 , M , N , S , 0 )  = ( 0 , M 1 +M2 , N 1+N2 , S 1 fS2 , 0 )
( o , u , t , s , o ) = ( o , u 1 +u2 , t 1+t 2 , s 1 +s 2 , o ) .
T h e n  we c a n  w r i t e  3  a s  t h e  sum o f  t h e  two 
d i a g r a m s  ^  a n d  3 ^  shown b e l o w :
0
0 ------ A- -^-----— — C -j----------- 0
0
0
F2
0  A2 B? C2 0
0
3,2
a nd  3 '  may b e  w r i t t e n  a s  t h e  sum o f  t h e  two d i a g r a m s  
1 a n d  3 » shown b e l o w :
We s a y  t h a t  a r e  summan<^  ° f  & (&' )
a n d  t h a t  3  ( 3 ' )  i s  t h e  sum o f  t h e  d i a g r a m s  and
3 ^ ' a n d  3 ^ ' )  .
The f o l l o w i n g  lemmas a i d  i n  c o m p l e t i n g  d i a g r a m s .
I n  t h e  f o l l o w i n g  lemmas vie w i l l  a s s u m e  f h a t  7I\ i s  a
r
e o m m u t a t i v e  m o n o i d  an d  <S c  7!\ i s  a  s e t  o f  < term nt .s  
o f  t.he f o r m  ( 0 , A , D , C , 0 )  .
3 . 1  Lemma. S u p p o s e  3  i s  a d i a g r a m  o f  type- d!i o r  
<Sh , c o n s t r u c t e d  f r o m  t h e  e l e m e n t s  o f  <$ . and  s u p p o s e
t h a t  3  c a n  be  w r i t t e n  a s  t h e  sum o f  two d i a g r a m s
a n d  3 n ( o f  t h e  same t y p e  a s  & ) . I f  b o t h
an d  3 ^  f,a n  be c o m p l e t e d  w i t h  e l e m e n t s  o f  <H a nd
i f  t.he sums o f  t h e  c o m p l e t i o n s  o f  an d  3 , t r e s u l t
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i n  r ows  a n d  c o l u m n s  w h i c h  a r e  e l e m e n t , s  o f  <$ , t ,hon f,h. 
sum o f  t h e  c o m p l e t e d  ^  an d  3 ^  c o m p l e t e s  3  i n  <$
P r o o f .  Add t h e m .
3 . 2  Lemma. S u p p o s e  atp c  <$ , a n d  <3 I Jp  c  <$ . Then
i-) An Sh d i a g r a m  w i t h  c o l u m n  i n  ®^p c a n  he
c o m p l e t e d  i n  <$ .
i i )  An d?S d i a g r a m  w i t h  e i t h e r  c o l u m n  o r  row 
i n  p c a n  b e  c o m p l e t e d  i n  $ .
i i i )  An d i a g r a m  w i t h  b o t h  c o l u m n  a n d  row i n
a^p c a n  be  c o m p l e t e d  i n  Jp  .
P r o o f . i )  L e t  3  b e  a n  <2^  d i a g r a m  c o n s t r u c t e d  w i t h  
row ( 0 ,  A, B, C, 0) e S , a n d  ( 0 ,  D, D+B, B, 0)  i n  Jp  . T he n  
3  c a n  be  c o m p l e t e d  a s  f o l l o w s :
0 0 i
D D
0 • • • D tA* • *D+B • • • C • • • 0
I
!
0  A  B  C   0
l !
( 3  c o m p l e t e d )
1^.
i i )  L e t  £■ b e  an  d i a g r a m  w i t h  row
( 0 , A , B , C , 0 )  e 8 a n d  c o l u m n  ( 0 , D , D + C , D , 0)  € Jp  . T h e n  
& c a n  b e  c o m p l e t e d  w i t h  e l e m e n t s  o f  8 a s  f o l l o w s :
0
0- A-
0
D
B
0
0
D
■ D +B • • • D+-C • • • 0
-c-
0
0
3  C o m p l e t e d
i l i )  L e t  3  b e  a n  8b  d i a g r a m  w i t h  row 
( 0,  A, A fB,  B, 0)  e Jp  a n d  ( 0 , D , D + B , B  0) e Jp  . T h e n  
J) c a n  be  c o m p l e t e d  w i t h  e l e m e n t s  o f  Jp  a s  f o l l o w s :
0
0
D
0
D
• • A • • • A BD +-B • • ’D -B • • • 0
0  A ABB- B 0
l) 0
3 - 3  Lemma. S u p p o s e  «^ p c  <£ , a n d  l e t  3  he an <S4 
d i a g r a m .  I f  t.he h o r i z o n t a l  row i s  e i t h e r  o f  t h e  f o r m  
( 0 , 0 ,  0 , 0 , 0 )  o r  ( 0 , 0 ,  C 0 , 0 )  , t h e n  t h e  d i a g r a m  na n  
be  c o m p l e t e d  i n  8 .
P r o o f . I f  t h e  d i a g r a m  i s  c o n s t r u c t e d  w i t h  t h e  two 
s e q u e n c e s  i )  ( 0 , A , B , C , 0 )  a n d  ( 0 , 0  0 , 0 , 0 )  o r
i i )  ( 0 , A , B , C , 0 )  a n d  ( 0 , 0 , 0 , 0  0)  , t h e n  i t  c a n  be  
c o m p l e t e d  a s  shown b e l o w :
0 0
1
0 0
A
1
A
1
A A
0- •. -B- .
1
•0* «■ • 0 o . . -A- <• .B
0 - - 0  -  
•
-  0 - — 0 - — 0 o —— 0 - - c
•
0 0 0 0
i )  i i )
Q . K . .
3 . 4  Lemma. Suppose-  *^ p c  <jf , a n d  l e t  ( 0 , A , R , 0 , n )  c 8 
The 8 3 d i a g r a m  c o n s t r u c t e d  w i t h  ( 0 , A , B , 0 , n)  an d  
( 0 , A , B , C  0)  c a n  b e  c o m p l e t e d  i n  8 ( a c t u a l l y  i n
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P r o o f .
0 0
A A
0 • • • A • • • A+B• • • B • • • 0
0  A B  C 0
0 0
We now u t i l i z e  t h e  p r e c e d i n g  l emmas  on d i a g r a m  
c o m p l e t i o n  t o  show how t o  c o n s t r u c t  a  s i m p l e  example o f  
a  s e t  o f  s h o r t  e x a c t  s e q u e n c e s .
D e f i n i t i o n . L e t  X be  a s e t .  The f r e e  c o m m u t a t i v e  
m o n o i d  on X , #!(X) , i s  d e f i n e d  t o  b e  a l l  f u n c t i o n s  
f r o m  X i n t o  t h e  n o n - n e g a t i v e  i n t e g e r s  w i t h  t h e  
f o l l o w i n g  o p e r a t i o n :
A c o n g r u e n c e  on ftJ(X) i s  a n  e q u i v a l e n c e  r e l a t i o n  
on  ft|(X) w h i c h  s a t i s f i e s  o ne  a d d i t i o n a l  a x i o m ,  
a d d  i t- i v i  t.y . Bo a  f o n g r u c  n e e  i s  a  s u b s e t  o f  #?(X) x Vl(X)
( f  + g)  ( x )  -  f ( x )  + g ( x )  
0 ( x ) ^ o
f o r  a l l  x e X
f o r  a l l  x e X .
3^
w h i  c } i s a t i s f i c e
i )  ( R e f l e x i v i t y )  ( a , a )  e d  Va c 77J(X) .
i i )  ( S y m m e t r y )  ( a , b )  <: d  =* ( b , a )  e Q, V a , b  e W\(X) .
i i i )  ( T r a n s i t i v i t y )  ( a , b )  e <3- a nd  ( b . c )  ‘ d
=> ( a , c )  e d  V a , b , c  e tf?(X) .
i v )  ( A d d i t i v i t y )  ( a , b )  e d  a n d  ( c , d )  c d
=» ( a + c , b + d )  e d  V a , b , c , d  e 77J(x) .
N o t i c e  t h a t  t h e  f o u r t h  c o n d i t i o n  g u a r a n t e e s  t h a t  i h e  
s e t  o f  e q u i v a l e n c e  c l a s s e s  p a r t i t i o n e d  by t h i s  e q u i v a l e n c e  
r e l a t i o n  w i l l  h a v e  a  b i n a r y  o p e r a t i o n  i n d u c e d  by  t h e  b i n a r y
o p e r a t i o n  on 77l(X) , w h i c h  i s  i n d e p e n d e n t  o f  t h e
r e p r e s e n t a t i v e  o f  t h e  e q u i v a l e n c e  c l a s s .
L e t  S b e  a  s u b s e t  o f  ?7|(X) x ft?(X) . S i n c e  t h e
i n t e r s e c t i o n  o f  a n y  f a m i l y  o f  c o n g r u e n c e s  i s  a c o n g r u e n c e ,  
a n d  771 (X) x  77l(X) i s  i t s e l f  a  c o n g r u e n c e  w h i c h  c o n t a i n s
S , t h e r e  i s  a  s m a l l e s t  c o n g r u e n c e  w h i c h  c o n t a i n s  S .
3 . 6  D e f i n i t i o n . L e t  ty(X)  be  t h e  f r e e  c o m m u t a t i v e
m o n o i d  on a  s e t  X . L e t  S be  a  s u b s e t  o f  77\(X) x 77[(X) .
Th e n  we d e f i n e  t h e  c o m m u t a t i v e  m o n o i d  w i t h  r e l a t i o n s  S 
a n d  g e n e r a t o r s  X t o  b e  t h e  m o n o i d  o f  e q u i v a l e n c e  
c l a s s e s  d e f i n e d  by t h e  s m a l l e s t  c o n g r u e n c e  i n  77\[x) x %.{X) 
w h i c h  c o n t a i n s  S .
I n s t e a d  o f  t h e  n o t a t i o n  ( a , b )  e <3 we w i l l  u s e  
t h e  n o t a t i o n  a  ~  b . ( a  i s  e q u i v a l e n t  t o  b . )
3 . 7  T h e o r e m . L e t  % b e  a n y  c o m m u t a t i v e  m o n o i d  s u c h
t h a t  M + M' 0 ^  M = M' - 0 . L e t  8 - Jp  , t h e
s p l i t  e x a c t  s e q u e n c e s .  T h e n  8 i s  a  s e t  o f  s h o r t
e x a c t  s e q u e n c e s .
P r o o f . 1 .  8 s a t i s f i e s  a x i o m  $1 .
P r o o f . The  e l e m e n t  ( 0 , 0 , 0 , 0 , 0 )  I s  a  s p l i t  e x a e i
s e q u e n c e  a s  0 + 0 = 0 .
2 .  8 s a t i s f i e s  a x i o m  82 .
P r o o f . The sum o f  two s p l i t s  i s  a s p l i t .
3 .  8 s a t i s f i e s  a x i o m  8 3 .
P r o o f . I f  i )  ( 0 , M , M ' , 0 , 0 )  e 8 o r  i f
i i )  ( 0 , 0 , M ' , M , 0 )  e 8 , t h e n  M 4 0 --- M' , s i n c e  e i t h e r
s p l i t s .  I f  i l l )  ( 0 , M,  0 , M ' , 0 )  e 8 , t h e n  M 1 M ' o ,
and  b y  d e f i n i t i o n  o f  , M - M1 0 .
^1. 8 s a t i s f i e s  a x i o m s  and  <Sh .
P r o o f . S i n c e  t h e  c o l u m n  i s  a  s p l i t ,  t h e  d i a g r a m  ^ a n  be  
c o m p l e t e d  b y  lemma 3 . 2 .
0. . E . f 1 .
The  f o l l o w i n g  e x a m p l e  shown t h a t  t h e  sums o f  two s h o r  
e x a c t  s e q u e n c e  n e e d  n o t  b e  e x a c t , .
q
1 *  Ex amp 1 e . Let  8 c  be  t h e  se t ,  o f  a l l  e l e m e n t s
s ( 0 , A , A , A , 0 )  i m ( 0 , A , A , 0 , 0 )  t  n (  0 ,  0 ,  A, A, ■ ■)
w h e r e  s o o r  1 ; m , n  > o , s o  e a c h  e l e m e n t ,  o f  $
c a n  be w r i t t e n  in  t.he f o r m
( o,  ( s tm) A, ( s-MTH-n) A, ( s t n )  A, o)  .
The n  8 i s  a  s e t  o f  s h o r t  e x a c t ,  s e q u e n c e s  w h i ^ h  i s  not,  
a  s u b m o n o i d  o f  P ‘ . ( ( 0 , A , A . A , 0 )  + ( 0 , A , A , A , o )  e 8 .)
P r o o f .  L e t  3  b e  a n  8 -* d i a g r a m  c o n s t r u c t e d  f r o m  two
e l e m e n t s  ( 0 , E , F , G , 0 )  an d  ( 0 , L , M , F , 0)  o f  8
0
I
L
I
M
I
f j ------E  F  G  0
I
0
S i n c e  ( 0 , E , F , G , 0 )  i s  i n  8 , t h e r e  e x i s t ,  
s .  --- o o r  1;  m.n  "> o s u c h  t h a t
(f t ' , E , F , G , 0 )  ■
f o .  ( c n n ) A ,  ( s t -mtn )A,  ( s tn)A.>>)
and  i lii'i-H e x i s t .  s ' o o r  L , m ' , n ' > o s u c h  t h a t .
( 0,  L . M . T<’, 1)) =
( 0 ,  (r ' fm ' ) A, (s ' Hn ' in  ' ) A, (s ' f n  ' ) A, 0)
a n d ,  a s  F - ( s+m+n) A ( s 1 + n ' ) A an d  17\ b e i n g  f r e e
tT i v*- s
r, 1 m f  n -  s ' * n ' .
I f  s '  - o , t h e  c o l u m n  ( G , L , M , F , 0 )  s p l i t r , ,  and
t h e  d i a g r a m  c a n  be  c o m p l e t e d  b y  lemma 3 - 2 .
I f  g ' =-■ 1 , t h e n  ( 0 , L , M , F , 0 )  c a n  be  w r i t t e n
( 0 , A,A,A,O' )  t- ( 0 ,  m ' A, (m ' +n 1 ) A, n ' A, o)  .
Now, w i t h  t h e  a s s u m p t i o n  s '  - 1 , i f  we a l s o  h a v e
r; = 1 , t h e n
1 - t m  + n -  l + n '
a n d  t h e n
in ( n - n ' .
The  d i a g r a m  r a n  b e  w r i t t e n  a s  t h e  :;um o f  t h e  two 
s u b d i a g r a m s  a n d
0
A
0
m 1 A
0  A
A
0
A  0
( m ' i n ' ) A
I
0 —  nA —  ( n+m) A — mA -  0
The f i r s t  o f  t h e s e ,  , c a n  be  c o m p l e t e d  a s  shown
b e  l o w :
0 0
: I
A A
0
f) A  A   A —  u
0 0
( * 1  c o m p l e t e d . )
T h e  s e c o n d ,  > ^ a s  a s p l i t  c o l u m n  and r o w .  an d
c a n  b e  c o m p l e t e d  b y  lemma ? . ? ,  w i t h  s p l i t s .
Th e  sum o f  ^  c o m p l e t e d  a n d  c o m p l e t e d  i s  an
^ - d i a g r a m .
I f  s '  = I a n d  s = o , t h e n
m + n  -  1 -t- n ' .
The d i a g r a m  & i s  now
0
( l.+m 1 ) A 
( 1 +m' + n ' ) A
0 mA (m+n)A- nA- u
0
w h i c h  i f  m /  o c a n  b e  w r i t t e n  a s  t h e  sum o f  t h e  two 
s u b d i a g r a m s  a n d
0 0
n ' A
A ( m ' t-n ' ) A
0 A  A 0 -----  0 0 — ( m - 1 ) A — [ ( m - 1 )  i n ]  A — nA — 0
0 0
Ao
' in
Pi a / ' r a m  c a n  b e  c o m p l e t e d  b y  lemma 3 . 3 .  D i a g r a m  3.
c a n  be  c o m p l e t e d  by lemma 'S.2,  a s  t h e  c o l u m n  a i d  row 
s p l i t  . The l a s t  c a s e ,  rn - o , c a n  be  c o m p l e t e d  by 
lemma t . 3 • 'I’bie sum o f  d i a g r a m  3 ,  c o m p l e t e d  and 3 nL i7
c o m p l e t e d  i s  .in 8 a s  3^ c a n  be c o m p l e t e d  w i t h  s p l i t
Q . K .  '
8 s a t i s f i e s  ax i om d b . L e t  3  be  an <?ri d i a g r a m  
' •on st, r ue  t e d  wi t, h two f l e m e n t s  f 0,  E , F , G, 01 an i
'  .. i , . M,  i .) o f  8
u
L
I
M
E  R  G  0
0
L i  n e e  ( o,  R, [•’, G. (>) i s  i n  8 , t h e r e  e x i s t  
o nr  ! , a n d  rn,n > o s u c h  t h a t
( 1 G K, F , G, 0)  ( 0 ,  ( s-tm) A, ( s f m+n) A, ( s 1 n ) A, G)
a n d  s i n c e  ( u , L , M , G , o )  i s  i n  8 t h e r e  e x i s t  
s . ’ o o r  1 , an d  m ,n  g o s u c h  tha>
'11
( 0 ,  L , M, G, 0)  ( 0 ,  ( s '  f m ' ) A ,  ( s ' +m ' +n ' )A, ( s '  i n '  )A.O)  •
E q u a t i n g  c o o r d i n a t e s ,  we h a v e
G - ( s + n ) A ( s ' t n  ' ) A
a n d ,  a s  % i s  f r e e  on A ,
s t  n --- s ' -t n ' ( I ) •
S u p p o s e  t h a t  e i t h e r  s -  o o r  s '  ^ o . I f  s -  o .
t h e n
( 0 ,  E , F , G, 0)  = ( 0 ,  mA, (m-t-n) A, nA, 0)
w h i c h  i s  a  s p l i t .
I f  s ' = o , t h e n
( 0 , L , M , G , Q )  = ( 0 , m ' A ,  f m ' + n 1 ) A , n ' A , f > )  ,
a  s p l i t .
I n  e i t h e r  c a s e ,  t h e  d i a g r a m  c a n  he  c o m p l e t e d  i n <$ 
he a 1 ernma 3 • ^ •
i f  s = s '  1 , t h e n  f r o m  e q u a t i o n  ( 1 )
1 + m = 1 + n '  o r  n ^ m '  .
The  d i a g r a m  may b e  w r i t t e n  a s  t h e  sum o f  two s u b d i a g r a m s  
3^ a n d  ^  .
0  i '
A m ’
1 !
A ( m 1 f- n 1 ) A
0  A A  A -—  0 0 -----mA (m in') A rtA 0
I i
0 f :
The  f i r s t  o f  t h e s e ,  .5^ , c a n  b e  c o m p l e t e d  i n  $ 
a s  f o l l o w s :
0• 0
•
A A
1
0 • • • A • • • A •
1
• • A • • - 0
0 —— A — — A —— A —  
1
— 0
(j
1
0
( c o m p l e t e d )
D i a g r a m  1133 a  s p l i t  row a n d  s p l i t  c o l u m n  a n d
may t h e r e f o r e  be  c o m p l e t e d  w i t h  s p l i t  e x a c t  s e q u e n c e s  by 
lemma 3 - 2*
The  sum o f  t h e  c o m p l e t e d  s u b d i a g r a m s  a n d  £ r>
c o n s i s t s  o f  s e q u e n c e s  In  <S b e c a u s e  e  ms  i s  t s  o f
e l e m e n t s  o f  S , and  £  c o n s i s t s  e n t i r e l y  o f  s p l  
T h e i r  sum c o n s i s t s  o f  e l e m e n t s  o f  $ by  a x i o m
3 . 9  R e m a r k . Tn e x a m p l e  3*8  t h e  e l e m e n t ,  f i t ,  a , A,
i n  S . We now s e e  t h a t  t h e  e l e m e n t
( 0 ,  A, A , A , 0 )  + ( 0 , A , A , A , 0 )  = ( 0 ,  2 A , 2 A , 2 A , 0 )
w h i c h  i s  t h e  sum o f  a n  e l e m e n t  o f  S w i t h  i t s e l f
r:
e l e m e n t  o f  771' w h i c h  i s  n o t  i n  S .
P r o o f . S u p p o s e  ( 0 , 2 A , 2 A , 2 A , 0) i s  i n  S . Then  
e x i s t  s = o o r  1 , a n d  m , n  > o s u c h  t h a t
( 0,  2A, 2A, 2A, 0) = ( 0 ,  ( s+m)A,  ( st-m+n) A, ( s t-n) A, 0)
E q u a t i n g  c o o r d i n a t e s  we h a v e
2 A = (s+m)A 
2A = ( s+m+n)A 
2 A ^ ( s t - n ) A
Py f r e e n e s s  o f  77| we h a v e  t h e  f o l l o w i n g  t h r e  
e q u a t i o n s :
i 1 s .
Q,. K . D 
A, 0 )
i  s an 
t h e r e
' in
( 1 )  2 = s + m
( 2 )  2 s t  m 4- n
( 3 )  2 s + n .
E q u a t i o n s  ( I )  a n d  ( 2 )  i m p l y  n = o , w h i c h  t o g e t h e r  
w i t h  e q u a t i o n  ( 3 )  g i v e s
s = 2 .
T h u s  a s  s = o o r  1 f o r  e l e m e n t s  o f  8 ,
( 0 , 2 A , 2 A , 2 A , 0)  i s  n o t  i n  8 .
Q.. E . I ) .
3 . 1 0  E x a m p l e . L e t  % be  t h e  c o m m u t a t i v e  m o n o i d  g e n e r a t e d
by t h e  two e l e m e n t s  A a n d  P w i t h  r e l a t i o n s :
i) b + B ~ B
i i )  A + B .
We d e n o t e  t h e  e q u i v a l e n c e  c l a s s  o f  A by A . 
an d  t h a t  o f  B by  B .
r ^
L e t  8 be  t h e  s u b m o n o i d  o f  t h e  p r o d u c t  m o n o i d  77; 
w h i c h  c o n s i s t s  o f  a l l  e l e m e n t s  o f  t h e  f o r m
n(75,~K,'K,~K,T)) 4- (o, n ^ m - j E ,  + (m-^  4mg)TT, rufA-tm^ TT, o')
(O’, (nfn- j  ) A"+-m-jB, ( n + n ^ + n ^ j A f  (ni j+r rpjB,  (n  t n 0 ) A irn^l- , u)
'IS
w h e r e  n , n , , n , , , m. , rrp, '• o .L c I « ~~
Note t h a t  ( 0 , n 1 A+m-^B. (n-j t n 2 ) A t ( m 1 fnip)B, n 0A ^ ? P ,  0 )
r,
i s  a n  a r b i t r a r y  s p l i t  i n  %
The* s e t  # i s  a  s e t  o f  s h o r t  p x a c t  s e q u e n c e s  s u c h
t h a t  (%.,$) h a s  t tie p r o p e r t y  t h a t  t h e  e l e m e n t  B i s
j f c t i y p ,  t h e  e l e m e n t  A s a t i s f i e s  A i B B . t i u t  ~R
is n<»t. j e c t i v e .
B e f o r e  v e r i f y i n g  t h a t  S s a t i s f i e s  a x i o m ;  <Sl -  <Jf , , 
we w i l l  d e t e r m i n e  e x a c t l y  a l l  r e l a t i o n s  d e f i n e d  By t h e  
s m a ’ l e s t  c o n g r u e n c e  c, on ^ ( A , B )  f o r  w h i c h
B i B ~  B a nd  A i B ~  B h o l d .
3 . 11. Lemma. Let. <3- be  t h e  s m a l l e s t  c o n g r u e n c e  on
V{( A,B)  f o r  w h i c h
i ) B t B ~  B
a n d
i i )  A + B ~  B , 
t h e n  t.tie r e l a t i o n . ' ;  d e f i n e d  by C a r e  e x a c t l y
R\  nA + rnB ~  n ' A  + m'B n , m , n ' , m '  _> o 
w i t h  t h e  c o n d i t i o n  t ha t ,
m ■ o «» m ' e , a n d  t hen  m n '
•l(
P o  H ) f . Wo f i r : ; 1 show (hat .  (.he a b o v e  r e l a i  ion  R d o e r  
f  ■ r-rn a '■ o n p r u e n ■ • e on 77!(A,B) .
1 . R i s  r e f l e x i v e .
P r o o f . L< 1 nA ( mb be  i n  77!(A,B) . Then
nA f mB ~  nA t  mB
( i o i d s  s i n n o  m o » m -  o , an d  n - n .
P .  R i s  s y m m e t r i c .
P r o o f . h r t  nA i mP. a n d  n ' A  + m ' P b e  in  %' A, .
! f  rnA l 11B ~  n ' A  I m ' B , t h e n
m r « m 1 ■ o , a n d  t h e n  n - n '
i s  h symrno+.ri '• s 4 a t . e m e n t  o f  m a n d  in' , n and n '  .
R i s  t r a n s i t i v e .
P r o o f . L e t  nA t ml2; , n ' A  t- m 'B , an d  n '  'A t m'  ' p be
in 771 f A, B) a n d  s u p p o s e  ’ hat,
( i  ) nA (- mB ~  n ' A ( m ' B 
an d
(P)  n ' A  + m'B ~  n ' ' A  t m ' ' B  .
T( if-n i f  rn > > . ( I t  i rnp I i < s I ha  I m ' <> a  id n n ' .
' P e n  ( p ) i m p l i e s  in' ' >» , and  n ' n ' ' . The r e  f  o r - > .
m -  o => m ' ' -- o a n d  n n ' ' .
By s y m m e t r y ,
m ' ' o m = o , a n d  n ' ' n 
Hence  R i s  t r a n s i t i v e .
h . R i s  a d d i t i v e .
P r o o f . L e f n^A + m-^B , n ' A  + m ^ ' B  , m^A t  m^li ,
nip'A + m ^ ' B  be  e l e m e n t s  o f  77|(A, B) . 
S u p p o s e  t h a t
an d
n-^A t  m^B ~  n ^ ' A  + 'B ,
n^A + m^B ~  n ? ' A + m ^ ' B
We w i s h  t o  s e e  t h a t
( n I + n 2 )A 4- ( ml 4-m2 )B ~  ( n j ' + n 2 ' ) A  + (rr^ 1 i tn , /  )H
I f  rn^+m^ = o , t h e n  mp m2  = °  » by t h e i r  n o n -  
n e p a  t, i  v i  t  y , t h u s ,
m-j o m-j 1 o , a n d  n-  ^ - n^ '
a nd
m,, o ^ m0 ' ii , and  n Q n , , 1t ( f t
T h e r e f o r e ,
= o => ' - o a n d  n^  i- -- n ( ' ( n fl 1
By s y m m e t r y ,
m1 ' f- m2 ' -- o -  m + nv, = o a n d  n-^'  + n 0 1 n ] i- re,
T h u s  /p i s  a  c o n g r u e n c e .
Now s u p p o s e  t h a t  Q,' i s  a n y  c o n g r u e n c e  on 77|(A,B) 
f o r  w h i c h
i )  B + B ~  B 
i  i ) A i- B — B .
We w i l l  show t h a t  % c  <3' .
1 .  nB ~  mB ( o r  s t r i c t l y  p o s i t i v e  m ,n  
0/
P r o o f .  S i n c e  <3’ i s  r e f l e x i v e ,
B ~  B .
e
P r o c e e d  b y  i n d u c t i o n  on  k t o  c o n c l u d e  nB ~  B:
C
Assume t h a t
kB ~  B k > 1
<3' -
By a d d i t i v i t y  o f  C,'
B f kB ~ f B t B .
M')
T h i s ,  t i g e t h e r  w i t h  c o n d i t i o n  i )  , an d  f he I r a n :  
o f  (3' i m p l i e s
( k + i ) P  ~  B
n f  f . ' r e ,  by  i n d u e  1 i on ,
nB ~  B f o r  a l l  n > o .
(3' -
Be! m,n  be  s t r i c t l y  p o s i t i v e  i n t e g e r s .  Then
nB ~  B , a n d  ml- ~  o  o
h,y s.ymme t r y ,
B ~  mB 
C
Mow t r a n s i t i v i t y  o f  (3' g i v e s
nl ~  mB 
C
2 .  <3' i m p l i e s  nA t- mB ~  n ' A  *- m ' P
s j r i ' - !  1 y p o s i t i v e  n , m , n '  a n d  m'  .
Pr- )■ >V. L e t  m , n , m ' , n '  > o . A d d i n g  i i )  tn 1 to 
n ' imes  we h a v e
nA + nB ~  nB .
Now a p p l y  1 .  , t h a t  mB ~  nB , w h i c h  a d d e d  t o  i t
<3'
r e l a t i o n  nA ~  nA , y i e l d s  
(3'
f o r
; e l f
nA (• mB ~  nA I nB 
<3'
By t.he t r a n s i t i v i t y  o f  <3' ,
nA + mB ~  nB ;
a n d  s i n c e  b y  1 , nB ~  B , we h a v e
C'
nA + mB ~  B 
f o r  a l l  n , m  > o . He n c e  f o r  m ' , n '  a s  w e l l ,
n ' A  + m'B ~  B .
<3'
Or by  s y m m e t r y ,
nA -t- mB ~  B a n d  B ~  n ' A + m ' B . 
C  C,'
w h i c h  w i t h  t r a n s i t i v i t y  i m p l y
nA + mB ~  n ' A  +- m'B
when n , m , n ' , m '  a r e  p o s i t i v e .
3 .  k_A ~  kA . f o r  a l l  k > o by t.he 
<3 ' —
r (‘T l e x i v i t y  o f  C-' .
nA + mB ~  m'B f o r  m,m'  > o , n > o .
n 0  ’ ^ h i s  f o l l o w s  f r o m  1 . I f  n > o ,
I l i tn  in t h e  p r . u i f  ' ' f  p .  We had tiA I mB — B. . Tim:;
Ma s  B ~  m 113 f r o m  I .  , we h a v e  nA + mB ~  m'B b y  
t, r a n s i t  i v i t y .
Ttms  by  I . , 2 . , 3 .  , d . , R c  c,' , a n d  R i s  
I,he smal  Lest,  r o n g r u e n c e  w h i c h  c o n t a i n s  B +• B B a n d  
A t  It ~  It .
Q . E . D .
We now r e t u r n  t o  e x a m p l e  3 - 1 0 .
L. $ s a t i s f i e s  a x i o m  <gl
I'rto■ d~. I,“ t  m - ti j - m,_. <> .
2 .  <$ s a t i s f i e s  a x i o m  S 2 .
P r o o f . L e t
E =-- n ("0, A, A, A, 0)  f ( 0 ,  D, D+E, F , “ )
be  a n  e Lement  o f  <$ a n d  1 e t
P> -- ( 0 , D ’ ,D '+E ' , E 1 , 0) 
be a  s p l i t  e x a c t ,  s e q u e n c e .  T h e n
E + S n ( 0 , A , A , A , 0 )  f  ('0, D+D 1 , (D+D ' ) + (E ) E ’ ) , DEE, 0)
w h i c h  i s  i n  <$ .
S s a t i s f i e s  a x i o m  S 3 .
‘>2
P r o o f . i )  Lei,
, 0 ,  0)  b e  i n  <S .
T h e r e  e x i s t  n ,  n ^ ,  n ^ ,  m-j , m,, _> o s u c h  t hat,
("0,TT,TT> , 0,  0)  -  
("0, (n t-n ^ )At-m^B, ( n + n ^ t n ^ )  A4 (m^-fm^jB,  ( n  t n ^ ) A hh^R,  o)
E q u a t i n g  c o o r d i n a t e s ,  we ^ e t
M = ( n t n ^ A  + m^B 
M' = ( n t n ^ + n ^ A  + 
o A + ol3 = "0 = ( n + n ^ j A  + m^B
The  l a s t  e q u a t i o n  i m p l i e s
m^ , = o , and  n f  n ^  ~ o ;
h e n c e ,  s i n c e  n a n d  n ^  a r e  _> o ,
n = n 2 = m2 = o
T h e r e f o r e
M = n^A + m^B
M' = n^A + m^B
H e n c e  M - M1
P a r t  i i )  o f  a x i o m  (S3 f o l l o w s  f r o m  t h e  s y m m e t r y  o f  
t h e  e l e m e n t s  o f  <5 .
P a r t  i i i )  L e t
( 0 , M , 0 , M ' , 0 )
be  i n  S . T h e r e  e x i s t  n ,  n-^, n ^ ,  , m^ > o s u c h  t h a t
( 0 , f t , 0 , M ' , 0 )  =
("0 , (n+n-^)'A+m-jB, (n+n-^+n^)  A + f m ^ + m ^ B ,  ( n 1 +n2 ) "0 ) .
T h u s ,  e q u a t i n g  c o o r d i n a t e s ,
M = ( n + n - ^ A  + m^B 
0 = ( n + n 1+ n 2 )A + (m^+m2 )B 
"R' = ( n - ^ + n ^ A  + .
The s e c o n d  e q u a t i o n  i m p l i e s
oA + oB ~  ( n + n ^ + n ^ ) A  + (m-^+m2 )B .
T h u s ,  o = m-^+mg j a n d  o = n  + n-^ + n ^  , a n d  a s  t h e y
a r e  a l l  n o n - n e g a t i v e ,
r.'l
H e n c e ,
M ~  0 a n d  M' ~  0
o r
T7 = T7 ' = 73 .
The  f o l l o w i n g  lemma w i l l  b e  u s e d  d u r i n g  t h e  p r o o f s
t h a t  <$ s a t i s f i e s  a x i o m s  dM a n d  <$r> .
3 . 1 2  Lemma. L e t
( 0 ,  ( n + n ^ ) A+m-j B, ( n + n ^ + n ^ )  A+(m^+m2 )T?, ( n t-n^) A '-iripB. o)
be i n  <$ . T h e n  t h i s  s e q u e n c e  s p l i t s  i f  a n d  o n l y  i f  one
o f  t h e  f o l l o w i n g  t h r e e  c o n d i t i o n s  i s  s a t i s f i e d :
i )  n = o
i i )  m^ /  o
i i i )  rru, /  o .
P r o o f . The a b o v e  s e q u e n c e  s p l i t s  i f  a n d  o n l y  i f
( ( n - 4- n ^ ) A+m-jB) + ( ( n + n 2 )X fm 2 B) = ( n f - n ^ + n ^ A  f- (mat ing)Ti
o r  e q u i v a l e n t l y ,
( P n + n ^ + n ^ A  + (m^-fm^B ~  (n+n^+n^)A t (m^i-nv, )H
(i i c h
o r
a n d
h o i  d
ho l d : ;  if'  a n d  ’n l y  i f
m + m0 ^ o1 2
m, f m0 o a n d  2 f- n ,  f  n^, -- n I n ,  I n,, 1 2  n 1 2 1 2
/  o i s  e q u i v a l e n t  t o
m, 4  o o r  m0 /  o ,
•' m2 °
2n i n ,  f- n 0 -  n + n ,  i n,Y d  Y d
i f  a n d  o n l y  i f  n = o = m^  — nip
^1. <$ s a t i s f i e s  a x i o m  Sh
Q . E . D .
P r o o f . L e t  ( 0 , F , F , U , 0 )  a n d  ( 0 , M , N , F , 0 )  be e l e m e n t . s  
o f  S w h i c h  f o r m  t h e  d i a g r a m
S i n c e  ( 0 , E , F , G ,  0)  i s  i n  8 , t h e r e  e x i s t  
n , n ^ , > o s u c h  t h a t
(■3,7,7,13,75) =
("0, (n- fnj  )‘S+m1B , ( n + n ^ + n ^ ) A + ( m 1 +m2 ) B ,  ( n + n 2 ) A+m ^B,*0) 
and  t h e r e  e x i s t  n ' ,  n-^ ' ,  n^  ' , ' , m^ ' > o s u c h  t h a t
(75,ffl,7 , 7 , 0 )  =
(T), ( n ' + n ^ 1 ) A+m^ 'B,  ( n  1 +n^ ' t n 2 ' ) ~K+(m-  ^ ' +m2 ' )B,  (n  ' t-n2 ' ) A+m^ ' B,
By t h e  lemma,  i f  m ^ 1 /  o , m ^ 1 /  o , o r  n '  = o ,
‘ he n  t h e  c o l u m n  s p l i t s ,  a n d  t h e  d i a g r a m  c a n  b e  c o m p l e t e d  
! y Lemma 3
T h e r e f o r e  we w i l l  a s s u m e  t h a t
m ^ ' = o , m ^ 1 = o , a n d  n 1 /  o .
E q u a t i n g  c o o r d i n a t e s  i n  t h e  e x p r e s s i o n s  f o r  o u r  
s e q u e n c e s ,  we h a v e
'>7
F = (n  i-n -m.- jA + (m^+ra2 )B ■= ( n ' F n , - , ' ) A  + m . / B
o r
( n + n ^ t n ^ ) A  + (m^+m0 )B ~ ( n , + n 0 )A t  m0 1 
Now s i n c e  m ' ^ o , we h a v e  m-. +m0 = o a n dc- X cz.
n -t n ^  + ng  -  n 1 + n ^ 1 ,
a n d  s i n c e  m^ a n d  m0 a r e  n o n - n e g a t i v e ,  we h a v e
m, m„ o .-L h_
1 b u s  t h e  d i a g r a m  i s  r e d u c e d  t o
0
( n ' +n^  ' )~K
I
(n* + n , ' + n p 1) A
I
0 —  ( n + n ^ ) A -------( n + n ^ + n 2 ) A ----- ( n + n 2 ) A —  0
0
w h i c h  we w r i t e  a s  t h e  sum o f  n '  s u b d i a g r a m s  s e l e c t e d  
f r o m  ( a )  , ( b )  , a n d  ( c )  b e l o w ,
08
0
1
0
1
3
1
AI
1
A
1
1
\
I
A|
1
A
1
1
\
I
A — A — 0 
1
0 —A —A —0 — 0 
1
1
0 - 0  — /v 
1
0 0
1
T
( a )  0 0  ( 3 )
p l u s  n '  s u b d i a g r a m s  s e l e c t e d  f r o m  ( a 1 ) , ( o ' )  , a n d
( c ' )  b e l o w ,
0
1
0
|
0
11
0
i
1
0
1
1
0
1l
A
1
1
A
1
1
A
i1
A — A — 0 
I
0 —A —A — 0 — 0 
1
i
0 — 0 — A— A-I1
0 0
1
0
a ' ) ( b-  ) ( c  )
b u c h  i n t e g e r s  e x i s t  by t h e  f o l l o w i n g  l e m n a :
o . l o  Lemma. b u p p o s e  n , n - ^ , n 0 , n ' ,  a n d  n , /  a r t  n o n ­
n e g a t i v e  i n t e g e r s  a n d
n  + n ^  + 11 n '  + n 0 ' .
Th e n  t h e r e  e x i s t  n o n - n e g a t i v e  i n t e g e r s
| ( u ) |  ,  I ( a - ) !  , | ( b ) |  , | ( b ' ) |  , 1 ( c ) !  ,
s u c h  t h a t
’ ( a ) |  + l ( a ' ) |  = n
| ( b ) |  + | ( b * ) | = n x
! ( c )  | + I (c> ) | = n 2
a n d
| ( a ) |  + | ( b )  \ + I ( c )  | = n '
| ( a ') | + | ( b ’ ) | + | ( C )  | -  n2 '
P r o o f . S i n c e  n 1 < n 1 + n ^ '  = n  + n ^  + n 0 
e x i s t s  i n t e g e r s  | ( a ) |  , 1 ( b ) )  > a n d  | ( c ) |
| ( a ) |  < n  , | ( b )  | < n i  , a n d  | ( c )  | <
a n d
| ( a ) |  + 1 ( b ) ]  + | ( c ) |  = n-  .
S e t
t>9
a n d  | ( c ' )  |
,  t h e r e  
s u c h  t h a t
| ( a * ) I = n  -  | ( a )  | 
| ( b ' ) l  -  ^  -  ! ( b)  |
| ( c ' ) |   ^ n 2 -  | ( c ) !
T h e n ,  \ ( a ' ) J + | ( b '  ) | + | (c< ) \ = 
( n - | ( a ) | )  + (n 1 - I ( b ) I ) + ( n 2 - | ( c ) | )
= n  + + n 2 -  ( | ( a ) | + J ( b ) | + l ( c ) | )
= ( n + n ^ n ^ )  -  n '
-  n 2 ' .
Q . E . D .
D i a g r a m  ( a )  c a n  b e  c o m p l e t e d  w i t h  A ' s ,  a n d  t h e  o t h e r s  
c a n  be  c o m p l e t e d  b y  l emma 3 . 2  o r  3 . 3 .  The  sum o f  t h e i r  
c o m p l e t i o n s  c o m p l e t e s  t h e  d i a g r a m .
5 .  8 s a t i s f i e s  a x i o m  8b
P r o o f . L e t  ( 0 ,  E , - F , G , 0 )  a n d  ( 0 , M , N , G , U )  be  e l e m e n t s  
o f  $ w h i c h  f o r m  t h e  8b d i a g r a m
S i n c e  (0,11,  F,  G, 0)  i s  i n  <$ , t h e r e  e x i s t  
n ,  11^ , m^, m0 > o - s u c h  t h a t
( 0 , E , F , G , 0 )  -  
( o ,  ( r i i n ^ A + m ^ l i ,  ( n + n 1+ n 2 )A+(m^+m2 ) B, ( n + n 2 )A+n2 B , 0 )
a n d  t h e r e  e x i s t  n ' , n , 1 , n  ' ' , m ' > o s u c h  t h a t-L 1 —
( 0 , M , N , G , 0 )  -
( u ,  ( n ' t-n ' )A+m1 ' P., ( n ' + n ^ 1 + n 2 ' ) A-*-( 1 +m0 ' ) ~ ,  (nM n 2 ' ) AfrripB,
I f  m, /  o , m.-, /  o , o r  n  o , t h e n  by t h e  lemma t h e-L c.
row s p l i t s  a n d  t h e  d i a g r a m  c a n  t h e n  be  c o m p l e t e d  by 
l emma S . 2 .  S i m i l a r l y  i f  m^ 1 /  o , m? ' /  o , o r  n '  =■ o
t h e  c o l u m n  s p l i t s  a n d  t h e  d i a g r a m  c a n  b e  c o m p l e t e d  by 
lemma , . 2  Hence  we a s s u m e
rn^ m = m^'  -  m2 ' -  o , n  4  o , a n d  n '  /  o .
l i q u a t i n g  e x p r e s s i o n s  f o r  G i n  o u r  s e q u e n c e s  we h a v e
( n + n 2 )A + m2 B = ( n ' + n 0 ' ) A  + nr.'TT
o r
( n + n 0 )A + m2 B ~  ( n ' + n 2 ' ) A  + m , / ! !  .
CP.
T h u s ,  a s  nip -  m . /  -  o , we h a v e
n + rip n 1 + r i p ' .
Our  d i a g r a m  i s  now r e d u c e d  t o
0
( n 1+ ^ 2 '
(n* +n_ ' +n  ' )~KX {-
0 ------( n + n ^ ) 7 £  ( n + n ^ + n p ) A   ( n + n 0 ) 7 i -------- 0
f
0
By s y m m e t r y ,  we may a s s u m e  t h a t  n  < n '  . Ther  
n '  + n 0 ' = n  + ( n ' - n )  + n 0 ' ,
w h e r e
n 0 = ( n ' - n )  + n 0 ' .C_ L-.
We c a n  w r i t e  o u r  d i a g r a m  a s  t h e  sum o f  t wo  s u b d i a g r a m s  
.51 a n d  fp~ .
D i a g r a m  
c o m p l e t e d  i n  
D i a g r a m
Jfr2 h a s  a  s p l i t  row a n d  c a n  t h e r e f o r e  be  
S by  l emma 3 . 2 .
.£1 c a n  b e  c o m p l e t e d  a s  shown b e l o w
0 0
l _
nA nA
0 • • •  nA* • • n A * ••  n A * ••  0• |
•  I
• I
0 ------- n A ------ n A   n A  0
^  0
T h e i r  sum i s  c o m p o s e d  o f  sums o f  e l e m e n t s  i n  <$ , a n d  
i s  t h e r e f o r e  c o m p l e t e d  i n  $ .
J . 1 T  R e m a r k . I n  e x a m p l e  3 . 9 *  we h a v e  e l e m e n t ; ;
A, B e y\ a n d  t h a t  A + B = H , w i t h  B j e c t i v e ,  h u t  
n o t  j e c t i v e .
1) The  e l e m e n t  B i s  j e c t i v e .
P r o o f . L e t  ( 0 , M , N , B , 0 )  b e  i n  $ . I t  s u f f i c e s  by 
t o  s e e  t h a t  i t  s p l i t s .  S i n c e  ( 0 , M , N , ' b , 0 )  i s  i n  <J 
t h e r e  e x i s t  n , m ^ , m 2 , n ^ , n 2 > o s u c h  t h a t
( 0 , M , N , B , 0 )  =
( 0 ,  (rvin-j^) A+m^U, ( n + n 1 + n 2 ) A+ (m-j^-m^lT, ( n + n Q) A+;n2 B, 0 ) .
E q u a t i n g  c o o r d i n a t e s  we h a v e ,
( 1 )  M -  ( n + n 1 )A = m^B
( 2 )  TT -  ( n + n ^ + n ^ A  + ( n ^ + m ^ ) ”
( 3 )  IT ( n + n 2 )A + m2 Es .
By 3 . 1 0  e q u a t i o n  ( 3 )  i m p l i e s  m0 /  o , h e n c e  t h e  
s e q u e n c e  s p l i t s  by  l emma 3 . 1 1 .
2)  The e l e m e n t  7T i s  n o t  j e c t i v e .
P r o o f . The s e q u e n c e  (0,7T,7f,7T,0 )  i s  n o t  s p l i t  by 
l emma 3 . 1 1 .
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We r e m a r k  a l s o ,  t h a t  A i s  j e c t i v e l y  e q u i v a l e n t  t o  
t h e  j e c t i v e  B ( t h a t  i s  t h e r e  e x i s t  j e c t i v e s  P , P*
s u c h  t h a t  A + P = B + P '  ) b u t  i s  i t s e l f  n o t  j e c t i v e
( s e e  [ 1 0 ] ) .
3 . 1 5  D e f i n i t i o n . L e t  S b e  a  s e t  an d  l e t  3 b e  a  
s u b s e t  o f  S 5 . We d e f i n e
3 '  = { ( 0 ,  C, B, A, 0)  | ( 0 , A , B , C , 0 )  e <$ ) .
The  f o l l o w i n g  i s  a n  e x a m p l e  o f  a  s e t  3 o f  s h o r t
e x a c t  s e q u e n c e s  f o r  w h i c h  3 1 i s  n o t  a  s e t  o f  s h r . r t  
e x a c t  s e q u e n c e s .
3 . 1 6  E x a m p l e . L e t  Vl = 7ft(A,B) be  t h e  f r e e  c o m m u t a t i v e
m o n o i d  on  t h e  t wo  e l e m e n t s  A a n d  B , a n d  l e t  3 be
c.
t h e  s u b s e t  o f  77r c o n s i s t i n g  o f  a l l  e l e m e n t s  o f  t h e  
f o r m
n ( 0 , A , A , B , 0 )  + ( 0 , C, C+D, D , 0)
w h e r e  n  > o a n d  C,D a r e  i n  Vl . T h e n  3 i s  a  s e t  
o f  s h o r t  e x a c t  s e q u e n c e s .
P r o o f . We o b s e r v e  t h a t  s i n c e  C a n d  D a r e  i n  , 
t h e r e  e x i s t  n ^ m ^ n ^ m ^  > o s u c h  t h a t
C = n^A + m^B , a n d  D - n 2 A f  m0 B .
( > ( )
T h u s  a n  e l e m e n t ,  o f  <$ h a s  f o r m
n ( 0 ,  A, A, B, 0)  4 (0,  n^A-HrijB, ( n - ^ n ^  A+(m1 fm2 )B,  n 0 Af-m2 h, o)
w h i c h  when  c o m b i n e d  i n t o  o n e  s e q u e n c e  r e s u l t s  i n  
( 0 ,  ( n f n 1 )A+m1B, ( n + n ^ + n 2 ) A+(m^+m2 ) B, n 2 A+(m+m2 ) B, 0)  .
We now p r o c e e d  t o  show t h a t  & s a t i s f i e s  a x i o m s  
S I  - 55 :
1.  S s a t i s f i e s  a x i o m  fll
P r o o f . L e t  n = o a n d  C = D = 0 .
2 .  S s a t i s f i e s  a x i o m  62
P r o o f .  L e t  E -  ( 0 , A , A . B , 0 )  . T h e n  a n y  e l e m e n t  o f  S
h a s  f o r m
nE + S
w h e r e  S i s  a  s p l i t .
L e t  S '  b e  a n y  s p l i t  i n  . Th en
( nE+S)  + S 1 = nE + ( S + S ' )
w h i c h  i s  a g a i n  i n  S s i n c e  S + S '  i s  a g a i n  a  s p l i t .
? .  S s a t i s f i e s  a x i o m  S3
P r o o f . i )  Lei,  ( 0 , M , M ' , 0 , 0 )  b e  i n  S . T h e n  I
e x i s t ,  n , n^ ,m^ , 1 , 1 _> o s u c h  t h a t
( 0 , M , M 1 , 0 , 0 )  =
(> >. (n+m^) A+m^B , ( n tn^ f n 2 )Ai  (m^ +m0 ) B,  n 0A+(n tm0 )r
K q u a t i n r .  c o o r d i n a t e s ,  we h a v e
M - ( n i n  ^ ) A  I m ^ B
M'  ^ ( n + n ^ t n 0 )A t  (m^+m^)}^
0 - n^A + ( n fm2 ) B .
T h e r e f o r e ,  a s  %. i s  f r e e ,  wc c o n c l u d e  by  t h e  Lar 
e q u a t i o n  t h a t  
n^ (n+m? ) - o . 
N w by n o n - n e g a t i v i t y  o f  n and  m2 , we have
n 2 = n = m2 o
Thur
M ^ n^A t  m^B
M1 -  n^A t  m^B,
and
M M
.tier e
. 0 ) .
P a r t  i i )  o f  a x i o m  8 3 f o l l o w s  b y  a  s i m i l a r  
a r g u m e n t .
i i i )  S u p p o s e  a n  e l e m e n t  o f  t h e  f o r m
( 0 , M , 0 , M ' , 0 )
i s  i n  8 . Th e n  t h e r e  e x i s t  n ,  n ^ , n ^ , m^, m^ > o r u c h  
t h a t
( 0 , M , 0 , M ' , 0 )  =
( 0 ,  (n+n-^) A+m^B, (n+n-L+ n2 ) A+(m1+m2 )B,  n 2 A-t(n frn^) B, 0)  .
E q u a t i n g  c o o r d i n a t e s  we h a v e
M = ( n + n 1 )A + m-^B 
0 = ( n + n 1+ n 2 )A + ( m ^ + m ^ B  
M' = n g A + (n+m2 )B
The  s e c o n d  e q u a t i o n  a n d  % b e i n g  f r e e  i m p l y
o = n  + n-^ + n 2 
o = m-j^  + m2 ,
a n d  a s  t h e y  a r e  a l l  n o n - n e g a t i v e ,
n  = n-  ^ = n 2 = m^ = m2 -  o .
Hen ce
M - 0  ~ M1 .
4 .  <$ s a t i s f i e s  a x i o m  <54
P r o o f . C o n s i d e r  t h e  #4 d i a g r a m  c o n s t r u c t e d  w i t h  two 
e l e m e n t s  ( 0 , E , F , G , 0 )  a n d  ( 0 , M , N , F , 0 )  i n  S :
0
I
M
I
N
I
0   E ------- F   G ------  0
I
0
S i n c e  ( 0 , E , F , G , 0 )  a n d  ( 0 , M , N , F , 0 )  a r e  i n  <S t h e r e  
e x i s t  n , n 1 , n 2 , m 1 ,m2 > o , a n d  n h n ^ ^ ^ h m ^ . m ^  > o
s u c h  t h a t
( 0 ,  E , F,  G, 0)  =
( 0 , ( n + n 1 )A+m1B , ( n + n ^ + n ^ A + ( m 1 +m2 ) B , n 2 A+(n+m2 ) B , 0)
a n d
( 0 , M , N , F , 0 )  =
( 0 ,  ( n 1 +n L ' ) A i ml ' B, ( n ' + n - ^ + n ^ ) A+(m1,-mi2 l)B, n 2 > A i ( n '  -im2' )B,0)
E q u a t i n g  o u r  e x p r e s s i o n s  f o r  F , we h a v e
F (n+n-j i n 0 )A t  ( m^ t r rp jB  --- n ^ 1 A t  ( n ' l m , , ' ) B  .
7 0
Now, s i n c e  7!\ i s  f r e e ,  we h a v e
n + n 1 + n 2 = n g '
ml  + m2 ” n ' + m2 ' *
We c a n  t h e r e f o r e  w r i t e  t h e  o r i g i n a l  d i a g r a m  J)
0
I
( n  ' +n-^1) A + m^1 B
I
( n  ' 4-n^ ' +n2 ' )A + (m1 , +m2 ' ) B  
0 — ( n + n ^ ) A  + m^B — ( n + n 1 +n 0 )A + ( m ^ + m ^ B  — n 2 A > (nt-m2 )B — 0
0
a s  t h e  sum o f  t h e  two s u b d i a g r a m s  2^ a n d  3 ^  shown
b e l o w :
0
I
n  ' A + m ' B
I
( n ^  ' +n2 1 )A + m^' B 
I
0 ---- ( n + n 1 ) A ------ ( n + n 1+n2 )A —  n 2 A + n B ------ 0
0
S u b d i a g r a m  c a n  b e  c o m p l e t e d  i n  S by
b e c a u s e  t h e  c o l u m n
( o ,  n ^  A+m^' B, (n-j^' +n2 ' ) A+m'B,  ( n + n^  fn,
i s  a  s p l i t  b y  t h e  c o n d i t i o n
n + n^  f n ^  = ' .
S u b d i a g r a m  it-, may b e  w r i t t e n  a s  a  sum o f
cl
s u b d i a g r a m s ,  e a c h  o f  w h i c h  i s  o f  t y p e  ( a )  
b e l o w :
lemma
) A, o )
n '
o r
y t
0
1
0
11
A(
1
A
1I
A
1
1
A
1
0 —
1
-  B - - -  B —  0 ----  0
1
0 ---- 0 • —  B - B - -  0
o o
(a) ( b )
p l u s  1 s u b d i a g r a m s ,  e a c h  o f  w h i c h  i s  o f  t y p e  ( ^ ' )  
o r  ( b 1) b e l o w :
0
i
0
1
0
1
0
1
B
1
B
l1
B - —
l
0 - —  0 0 -----0
1
------B
1
1
0
1
0
a '  ) (b
<• t e d i n s u c h  a  way t h a t i f
i ( n ) l  - n u m b e r  o f  s u b d i a g r a m s  o f  t y p e  ( n )  ,
then
| ( a )  | + I ( a  - ) | m1
I ( b )  1 + | ( b * ) I -  m2
S u c h  e x i s t  b y  t h e  f o l l o w i n g  l emma.
3 . 1 7  Lemma. S u p p o s e  m ^ m ^ n ' m ^ '  a r e  
i n t e g e r s  an d
ml  + m2 = n ' + m2 '
T h e n  h e r e  e x i s t  n o n - n e g a t i v e  i n t e g e r s
1(a) | , |(b)| , |(a 1)I , !(
s u c h  , h a t
| ( a )  | + I ( a * ) I = m1 | ( b )  I
I ( a )  | + | ( b )  | = n '  | ( a 1) |
P r o o f . S i n c e  n '  < n '  + ' = m^ + m^
l ( a ) I  < m!  * l ( b ) I  < m2
s u c h  t h a t
| ( a ) |  + | ( b )  | = n '  .
n o n - n e g a t i v e
f ) l
I ( b ' ) | -  m2
l ( b ' ) |  -  m2 ' *
, t h e r e  e x i s l
Set
| ( a ' ) | -  m1 -  | ( a ) |
I ( b ' ) | -  m2 -  | ( b )  1 .
T h e n
| ( a - ) | t  I ( b ' ) | = m1 -  | ( a ) |  + m2 -  I ( b ) (
-  m, + m0 -  n ' = n 0 '
X td. c-
a n d
| ( a ) |  + | ( a ' ) |  = | ( a ) |  + m1 -  | ( a ) |  = mL
1 ( b ) |  + | ( b ' )  | = | ( b )  1 + m2 -  | ( b )  I = m2 .
Q . E . D .
E a c h  o f  t h e  d i a g r a m s  ( a )  , ( b )  , ( a 1) , and  ( b 1)
c a n  b e  c o m p l e t e d  b y  lemma 3 - 3 .  T h e i r  sum ' - o m p l e t . e s  
d i a g r a m  , a n d  s i n c e  <$ i s  c l o s e d  u n d e r 1 a d d i t i o n ,
t h e  o r i g i n a l  d i a g r a m  3  i s  c o m p l e t e d  b y  a d d i n g  
c o m p l e t e d  a n d  ^ 2 c o m p l e t e d .
Q . E . D .
{'>
5 .  <$ s a t i s f i e s  a x i o m  55
P r o o f . L e t  3  b e  a n  55 d i a g r a m  c o n s t r u c t e d  f r o m  flic 
two e l e m e n t s  ( 0 , E , F , G ,  0)  a n d  ( 0 , M , N , G , o )  o f  5 a s  
shown b e l o w
0
I
M
N
I
0  e  -----  F ----- G ------ 0
I
0
A
S i n c e  ( 0 , E , F , G , 0 )  i s  i n  5 , t h e r e  e x i s t  
n , n - ^ n g , m - |  > o s u c h  t h a t
( 0 ,  E , F,  G , 0 )  =
( 0,  ( n + n l )A+m1B, ( n + n 1 +n2 )A+(m1+m2 )B,  n^A t ( n  i-m^) B, 0) 
and  t h e r e  e x i s t  n ' , n ^ 1 , ' > o s u c h  t h a t
( 0 , M , N , G , 0 )  =
( 0 ,  ( n ' + n 1')A+m1 ' B,  (n '+n^^ l + n2' )A+(m1 , +m2 ,) B , n 2 1 A + ( n ' + m 2')B, o)  .
7(>
E q u a t i n g  t h e  e x p r e s s i o n s  f o r  G , we h a v e
n^A + (n+m2 )B = n 2 ' A  + ( n ' + m 2 , )B
a n d ,  a s  i s  f r e e ,  we c o n c l u d e  t h a t
n 2 = n 2 '
n  + m2 = n 1 + m2 1
The  d i a g r a m  £  ( s h o wn  b e l o w )  c a n  t h e n  b e  w r i t t e n  
a s  t h e  sum o f  two s u b d i a g r a m s  a n d  a s  f o l l o w s :
0
I
( n ' + n ^ 1) A + m ^ ' B 
( n  1+ n 1 ' +n2 ' ) A + (m-L'+m2 ' ) B  
0 - - ( n + n 1 )A + m-^B — (n+n-^+ng)A + (m1 4m2 )B — n 2 A f  (n+m2 )B — 0
i
0
Jb
n ,  'A + m, 'B
I
' + n 2 1 )A + m^ 1B
0  n-jA I- m j B   (n^+-n0 )A + m ^ B  n p A  0
I
S u b d i a g r a m  c a n  be  c o m p l e t e d  i n  $ b y  lemma
s i n c e  t h e  row an d  c o l u m n  b o t h  s p l i t .
S u b d i a g r a m  c a n  b e  c o m p l e t e d  a s  f o l l o w s :
S u p p o s e  n 1 > n  . T h e n
n '  + m' = n t  ( n ' - n )  + m'  .
Wc b r e a k .  i n t o  two s u b d i a g r a m s  3 r ' an d  ' ' a
d  d  t-
r. hown b e l o w :
D i a g r a m  i t , '  1 h a s  a  s p l i t  row and  r a n  t o  f .mipl f  t. d 
t),y lemma 3 . 2 .
D i a g r a m  c a n  b e  c o m p l e t e d  a s  f o l L o w c :
0 0
: i
I
nA nA
: i
0 • • •  n A • • • n A • • ■ n A • • • 0
: I
0 - nA - -  nA —  nA —  0
: I
o o
( ^ 2 * c o m p l e t e d )
T h e i r  sum c o m p l e t e s  d i a g r a m  > a n ^ £  i s  c o m p l e t e d
b y  a d d i n g  t h e  c o m p l e t e d  ^  a n d  J} . ( N o t e  t h a t .  $ 
i s  c l o s e d  u n d e r  s u m . )  The  c a s e  n ' _< n i s  s y m m e t r i c  
t o  t h e  c a s e  j u s t  g i v e n .
Q . E . D .
T h u s  S i s  a  s e t  o f  s h o r t  e x a c t  s e q u e n c e s .  We w i l l
now show t h a t  S '  i s  n o t  a  s e t  o f  s h o r t ,  e x a c t  s e q u e n c e s .
3 . 1 6  Remark. .  S ' i s  n o t  a  s e t  o f  s h o r t  e x a c t  s e q u e n c e s .
P r o o f . C o n s i d e r  1 Ik; f o l l o w  i n f .  Sl\ d i a g r a m  c o n s t ,  
f r o m  t h e  e l e m e n t . s  o f  S '  :
0
B
II
A
I
0 ---  B -------A ------A-------  0
I
0
h u p p o s e  t h e r e  i s  a  c o m p l e t i o n  i n  S ' . T ha t  
s u p p o s e  t h e r e  e x i s t s  M e V[ s u e h  t h a t
( o , M , A , A , 0) € S ’ a n d  ( 0 , B , M , B , 0 )  S ’ .
Equ.i v a l e n  t. l y  ,
( 0 , A , A , M, 0 )  e S a n d  ( 0 , B , M , B , 0 )  e S .
o i n e e  ( 0 , A , A , M , 0 )  i s  i n  S , t h e r e  e x i s  .
n . n j , \\r,, in^, m,, _> o s u c h  t ha t ,
( 0,  A , A , M, 0) -
( 0 , ( n t n ^  ) A-tm; }x, ( n - m ^ + n rj A + ( m ^ + m 0 )B,  n 0 A+( n Hn^ B,
r u e  t e d
i s .
0)  .
E q u a t i n g  c o o r d i n a t e s ,  we h a v e
A ^ ( n + n - ^ A  +- m^B 
A -  ( n f n ^ + n 2 ) A  +  (rrij+rrojB  
M -- n 2 A + ( n + m 2 ) B
a n d ,  s i n c e  V\ i s  f r e e ,  t h e s e  e q u a t i o n s  ( f ive  u s
1 -  n + n ^  a n d  = o
1 -  n  + n ^  + n 2  a n c * mi  +  m2  " °
T h u s ,
irig = o a n d  n ^  = o
a n d ,  a s  n  a n d  n ^  a r e  n o n - n e g a t i v e ,  we h a v e  e i t h e r
o r
n = o a n d  n-^ -  1
n = 1 an d  n^  = o .
Tf t h e  f i r s t  h o l d s ,
n = o a n d  n^  -  1 ,
t h e n
M -  n^A t  (n-Hn2 )B -= oA +- ( o + o ) B  0
a n d  h e n c e
( 0 ,  B, M, B, 0) = ( 0 ,  B , 0 ,  B, 0)  e <S .
c o n t r a d i o  t, i n g  t h e  f a c t  t h a t ,  S s a t i s f i e s  a x i o m  
T h u s ,  i t  m u s t  be  t h e  o t h e r  c a s e ,  t h a t
n  = 1 a n d  -  o
w h i ^ h  h o l d s .  Hence
M = n„A + (n+m )B + oA + ( l + o ) B  -  B .(Z. j\
T h u s ,
( 0,  B, M, B, 0) = ( 0,  B, B, B , 0)  e <$ .
Now, i f  ( 0 , B , B , B ,  0)  i s  t o  b e  i n  3 , t h e r e  must,  
n ' , n-j ' , n^  ' ,  m^ ' , m^ 1 > o s u c h  t h a t
( 0 ,  B, B, B, 0)  =
( 0 , ( n '  -tn^ ' ) A+m-^B, ( n  ' +n^ 1 +n2 ' )A+(m1 ' +m0 ' ) B , n 2 ' A+(n
E q u a t i n g  c o o r d i n a t e s ,  we h a v e
B = ( n 1+ n ^ ' ) A + 1B
B ( n  ' +n^  ' +n2 ' )  A + ( m ^ ' - f n ^ ^ B  
B --- n ? ' A + (n  ' +m^ ' )B .
<23 •
ex i s  i
'+m2 ' ) B , o )  .
H ;1
Now, u s i n g  t h a t ,  % i n  f r e e  we c o n c l u d e
n ' + 1 = o a n d  , L
n* + n ^ ' t  n ^ ' = o an d  ' f- ' = 1
n ^ ' -  o a n d  n ' + ' 1
Th u n ,  a s  n ' .  n ^ 1, a n d  n ^ '  a r e  a l l  n o n - n e g a t i v e ,  we 
h a v e
n ' = n-^ ' = n ^ 1 = o .
S i n c e  m-^' = 1  a n d  1 + ' = 1 j we h a v e
m2 ' = o
a n d  n '  t  m2 ' -  1 , 1 = o , a n d  n '  - o , i m p l y
0 =  1
a  c o n t r a c t i o n .
T hu s  ( 0 , B , B , B , 0 )  /  S , a n d  t h e r e  i s  n o  p a i r  o f  
e l e m e n t s  o f  S ’ w h i c h  c o m p l e t e  t h e  d i a g r a m .
Q . E . D
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